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Tap 16i

Dinh nghia
Tap hop S C R" I3 mét tap 16i néu
Ax+(1-ANyeS, vAe[0,1],x,y €S.

N&i mét cich khdc doan thing ndi hai diém hoan todn ndm trong
tap hop néu hai dau mit ciing thudc tap hop.




Tap 16i

Dinh nghia
Tap hop S C R" I3 mét tap 16i néu
Mx+(1—=XNyeS, VAel0,1],x,y €S.
NGi mét cich khdc doan thing ndi hai diém hoan toan ndm trong
tap hop néu hai ddu mat ciing thudc tap hop.

Tap 15i Tap khong 16i



Vi du tap 16i

» Tap rdng, diém, dudng thing, toan bd khéng gian R".

» Hinh ciu {x € R"|||x|| < r} véi chudn || -|| va bén kin r cho
trudc.

» Siéu phang (hyperplane) {x € R"|a”x = b} véi a € R”,

b € R cho trudc.

v

Niia khong gian (halfspace) {x € R"|a”x < b} véi a € R",
b € R cho trudc.

{x € R"| Ax = b} véi A€ R™", b e R™ cho trudc.

Da dién {x € R"| Ax < b} v6i A € R™*" b e R™ cho trudc.

v

v



T6 hop 16i va bao 16i

Dinh nghia

Mét t8 hop 16i cda x1,xo, ..., xx € R" 13 mdt t6 hop tuyén tinh
A1X1 + doxo + -+ 4 ApXk

Vdi cdc hé sb A1, Mo, ..., A\ > 0 théa min

A+ X+ A =1,




T6 hop 16i va bao 16i

Dinh nghia

Mét t8 hop 16i cda x1,xo, ..., xx € R" 13 mdt t6 hop tuyén tinh
A1X1 + doxo + -+ 4 ApXk

Vdi cdc hé sb A1, Mo, ..., A\ > 0 théa min

A1+t + A =1

Dinh nghia

Bao 16i cia mét tap hop S, conv(S),
13 tap hop cia tit c3 céc té hop 16i
clia cic phan ti thuéc S.




T6 hop 16i va bao 16i

Dinh nghia

Mét t8 hop 16i cda x1,xo, ..., xx € R" 13 mdt t6 hop tuyén tinh
A1X1 + doxo + -+ 4 ApXk

Vdi cdc hé sb A1, Mo, ..., A\ > 0 théa min

A1+t + A =1

Dinh nghia

Bao 16i cia mét tap hop S, conv(S),
13 tap hop cia tit c3 céc té hop 16i
clia cic phan ti thuéc S.

conv(S) 1a mét tap 16i va I3 tap 16i bé
nhit chia S.




T6 hop 16i va bao 16i

Dinh nghia

Mét t8 hop 16i cda x1,xo, ..., xx € R" 13 mdt t6 hop tuyén tinh
A1X1 + doxo + -+ 4 ApXk

Vdi cdc hé sb A1, Mo, ..., A\ > 0 théa min

A1+t + A =1

Dinh nghia

Bao 16i cia mét tap hop S, conv(S),
13 tap hop cia tit c3 céc té hop 16i
clia cic phan ti thuéc S.

conv(S) 1a mét tap 16i va I3 tap 16i bé
nhit chia S.




Ham loi

Dinh nghia
Mét ham sb6 f : S — R, S C R", duoc goi I3 mét ham 16i néu
» Mién dinh nghia S 13 mét tap Ibi.
» Ham f thda man
fAx+(1=N)y) < Af(x)+(1—-N)f(y), VA€ [0,1],x,y € S.




Ham 16i

Dinh nghia
Mét ham sb6 f : S — R, S C R", duoc goi I3 mét ham 16i néu
» Mién dinh nghia S 13 mét tap Ibi.
» Ham f thda man
fAx+(1=N)y) < Af(x)+(1—-N)f(y), VA€ [0,1],x,y € S.

f(z)

tf (@) + (1= )f (x2)

S ey 4 (1= t)az)

T tag 4 (1— s



Dinh nghia

Mét ham sé f - S — R, S C R", dugc goi 1a mét ham 16m néu
» Mién dinh nghia S 13 mét tap 16i.
» Ham f théa man

FOx+(1=X)y) = M(x) + (1= A)f(y), VA€ [0,1],x,y € S.

f la ham Idm <= —f |a m6t ham 6.



Ham 16i ngat va ham 16i manh

Dinh nghia
Mét ham 16i f : S — R duoc goi I3
» 16i ngit néu ta cé véi moi X € (0,1),x,y € S,x # y
fAx+ (1= N)y) < AM(x)+ (1= Nf(y).

Tiic 13 d6 cong cda né I6n hon dé cong ciia 1 ham tuyén tinh.




Ham 16i ngat va ham 16i manh

Dinh nghia
Mét ham 16i f : S — R duoc goi I3
» 16i ngit néu ta cé véi moi X € (0,1),x,y € S,x # y
f(Ax+ (1= X)y) < M(x)+ (1 = N)f(y).
Tiic 13 d6 cong cda né I6n hon dé cong ciia 1 ham tuyén tinh.
> 16i manh néu t6n tai m > 0 sao cho f — m||x||3 13 mét ham I6i
hay tuong duong vdi
tén tai m > 0 sao cho ta c6 véi moi A € [0,1],x,y € S

FOX+(1=A)y) < AF(x)+ (1= M)f(y) - %m/\(l—A)IIX—yH%-

v




Ham 16i ngat va ham 16i manh

Dinh nghia
Mét ham 16i f : S — R duoc goi I3
» 16i ngit néu ta cé véi moi X € (0,1),x,y € S,x # y
f(Ax+ (1= X)y) < M(x)+ (1 = N)f(y).
Tiic 13 d6 cong cda né I6n hon dé cong ciia 1 ham tuyén tinh.
> 16i manh néu t6n tai m > 0 sao cho f — m||x||3 13 mét ham I6i
hay tuong duong vdi
tén tai m > 0 sao cho ta cé véi moi \ € [0,1],x,y € S

FOX+(1=A)y) < AF(x)+ (1= M)f(y) - %m/\(l—A)IIX—yH%

v

Mé&i quan hé:

Loi manh = 13i ngit = 14i.



Vi du ham 16i

v

Ham don bién
o e™tren Rvéiae R
e x? trén R>g véi a ¢ (0,1)
e —x? trén R>q véi a € [0, 1]

e —logx trén R+

Ham affine: a” x 4+ b ddng thdi vira 13 ham 18i, vira 13 ham 13m

v

v

Ham bac 2: %XTAX + b x + ¢ v6i A nlra xéc dinh duong
(A= 0)
Least square lost: ||y — Ax||3

Chusn ||x|| bAt ki, vi du chudn L,

v

v

v

Ham max: f(x) = max{xi, x2, ..., xn}



Dac trung cia ham 16i

» Epigraph:
epi(f) = {(x,t) € dom(f) x R|f(x) < t}



Dac trung cia ham 16i

» Epigraph:
epi(f) = {(x,t) € dom(f) x R|f(x) < t}

f(z) Epigraph f(z) Epigraph

|

—» >
dom(f)  ° “don()

Convex function Nonconvex function

T



Dac trung cia ham 16i

» Epigraph:
epi(f) = {(x,t) € dom(f) x R|f(x) < t}

f(@) Epigraph f(z) Epigraph
dom({) s

Convex function Nonconvex function

f 1a ham 16i <= epi(f) 1a mot tap 16i.



Dac trung cia ham 16i

» Epigraph:
epi(f) = {(x,t) € dom(f) x R|f(x) < t}

f(z) Epigraph f(z) Epigraph

Z

' [ — «—
dom(f) o)
Convex function Nonconvex function

f 1a ham 16i <= epi(f) 1a mot tap 16i.
» Tap mic dudi: Néu f 16 thi tap mdc dudi
{x € dom(f)|f(x) < o}

|3 16i v6i moi o € R. Tuy nhién diéu ngugc lai khéng ding.



Dac trung cia ham 16i

Dinh ly (Dic trung bac nhit)
Néu f kha vi thi f I3 ham 16i khi va chi khi dom(f) I3 mét tap I6i
va

f(y) > f(x) + VF(x)"(y —x), ¥x,y € dom(f).




Dac trung cia ham 16i

Dinh ly (Dac trung bac nhét)
Néu f kha vi thi f I3 ham 16i khi va chi khi dom(f) I3 mét tap I6i
va

f(y) > f(x) + VF(x)"(y = x), ¥x,y € dom(f).

Dinh ly (Dac trung bac hai)
Néu f kha vi hai Ian thi ham 16i khi va chi khi dom(f) I3 mét tap
16i va

V2f(x) = 0, Vx € dom(f).




Dac trung cia ham 16i

Dinh ly (Dac trung bac nhét)
Néu f kha vi thi f I3 ham 16i khi va chi khi dom(f) I3 mét tap I6i
va

f(y) > f(x) + VF(x)"(y = x), ¥x,y € dom(f).

Dinh ly (Dac trung bac hai)
Néu f kha vi hai Ian thi ham 16i khi va chi khi dom(f) I3 mét tap
16i va

V2f(x) = 0, Vx € dom(f).

Dinh ly (B4t déng thic Jenssen)
Néu f 1 mét ham 16i va X 13 mét bién ngsu nhién trén dom(f) thi

fF(E[X]) < E[f(X)].




Operations preserving convexity

e Nonnegative linear combination: fi,... f;, convex implies
a1fi1 + ...+ amfm convex for any ai,...a, >0

e Pointwise maximization: if fs is convex for any s € S, then
f(z) = maxses fs(x) is convex. Note that the set S here
(number of functions fs) can be infinite

e Partial minimization: if g(x,y) is convex in z,y, and C'is
convex, then f(x) = minyec g(x,y) is convex

22



Example: distances to a set

Let C be an arbitrary set, and consider the maximum distance to
C' under an arbitrary norm || - |:

= a —_
(&) = max [lo =]

Let's check convexity: fy(z) = ||z — y|| is convex in z for any fixed
1, SO by pointwise maximization rule, f is convex

Now let C' be convex, and consider the minimum distance to C:
) =min ||z —
F(a) = min |}z =y

Let’s check convexity: g(x,y) = || — y|| is convex in z,y jointly,
and C' is assumed convex, so apply partial minimization rule

23



More operations preserving convexity

o Affine composition: if f is convex, then g(x) = f(Az +b) is
convex

e General composition: suppose f = h o g, where g : R — R,
h:R—=R, f:R" = R. Then:

» f is convex if h is convex and nondecreasing, g is convex
» fis convex if h is convex and nonincreasing, g is concave
» f is concave if h is concave and nondecreasing, g concave
» f is concave if h is concave and nonincreasing, g convex

How to remember these? Think of the chain rule when n = 1:

(@) = h'(g(x))g'(x)* + I (g(2))g" (x)

24



e Vector composition: suppose that

f(x) = h(g(x)) = h(gi(z),... gr(x))
where g : R* - R* h:RF 5 R, f:R® = R. Then:

» fis convex if h is convex and nondecreasing in each
argument, g is convex

» f is convex if h is convex and nonincreasing in each
argument, g is concave

» f is concave if h is concave and nondecreasing in each
argument, g is concave

» f is concave if h is concave and nonincreasing in each
argument, g is convex

25



Example: log-sum-exp function
Log-sum-exp function: g(z) = log(Zle eaiT“eri), for fixed a;, b;,
1 =1,...k. Often called "soft max”, as it smoothly approximates

max;—1, k (a?w + b;)

How to show convexity? First, note it suffices to prove convexity of
f(z) =log(>°1, e*) (affine composition rule)

Now use second-order characterization. Calculate

evi
Vif(x) = ST e
=1
eti eTiets
Vif@) = i Hi=it - —=r—
i) > = €% { ! (Do eve)?

Write V2f(z) = diag(z) — 227, where z; = €% /(3 €%). This
matrix is diagonally dominant, hence positive semidefinite

26



Bai toan tbi uu

Mot bai todn toi uu héa gobm cé
> x vectd clia cac bién

> ham muc tiéu f 13 mdt ham (v6 hudng) ma chiing ta mudn
cuc dai héa hay cuc tidu héa

» Céc ham diéu kién g;, h; 1a cac ham (v6 huéng) cta x dinh

nghia cic ding thic hay bt ding thic ma x phai théa man.

10



Bai toan tbi uu

Mat bai todn tbi uu héa gdbm cé

> x vectd clia cac bién

> ham muc tiéu f 13 mdt ham (v6 hudng) ma chiing ta mudn

cuc dai héa hay cuc tidu héa

» Céc ham diéu kién g;, h; 1a cac ham (v6 huéng) cta x dinh
nghia cic ding thic hay bt ding thic ma x phai théa man.

Bai toan tdi wu cé thé viét dusi dang

min  f(x)
st. gi(x)<0, i=12
hj(X) =0, j=12

10



Bién dai giita cac dang bai toan tbi uu

max <— min:

max f(x) min  —f(x)
st. g(x)<0, i=1,...,k <= st g(x)<0, i=1,
hi(x)=0, j=1,....1 hi(x)=0, j=1

11



Bién dai giita cac dang bai toan tbi uu

max <— min:

max f(x) min
st. g(x)<0, i=1,...,k < st
hi(x)=0, j=1,...,1
V& phai khac 0:
max f(x) min

st. g(x)<b;, i=1,...,k < st
hj(X):C:,', _j:1,7/

Vdig‘,’:g,'—b,', /_7j=hj—Cj.



Bién dai giita cac dang bai toan tbi uu

max <— min:

max f(x)
st. gi(x) <0, i=
hi(x) =0, j=
V& phai khac 0:
max f(x)
st gi(x) < b, i
hi(x) = ¢, j=1,

Vdig‘,’:g,'—b,', /_7j=hj—Cj.

<— >

min  f(x)

s.t. g,(x)z i=1,...
hi(x) =0, J

min  —f(x)
Lk = st gi(x) <0,
.y l. hj(X) = 07
min  —f(x)
Lk = st gi(x) <0,
N hi(x) =0,
min  f(x)
k= st —gi(x) <0,
,/ hj(X) = 07

11



Bién dai giita cac dang bai toan tbi uu

min  f(x) min  f(x)
st gi(x)<0, i=1,...,k sit. gi(x) <0,
hi(x)=0, j=1,...,1. hj(x) <0,
—hj(x) <

12



Bién dai giita cac dang bai toan tbi uu

min  f(x) min  f(x)
st. gi(x) <0, i=1,...,k . st. gi(x)<0, i=1,...k
hi(x)=0, j=1,...,1. hi(x) <0, j=1,...,1
—hj(X)SO, Jj=1, Y
< — =: Thém bién bu
min  f(x) min  f(x)
st. gi(x)<0, i=1,...,k . st. g(x)+s =0, i=1,...,k
hi(x)=0, j=1,...,1 hj(x) =0, j=1,...,1
si >0, i=1,... k.

12



M6t sb thuat ngit t6i vu hoéa

min  f(x)
sit. gi(x) <0, i=1,2,...,k
hi(x) =0, j=1,2,....1

» gi(x) <0 goi la rang budc bat ding thifc, hi(x) = 0 goi Ia
rang budc ding thiic.

13



M6t sb thuat ngit t6i vu hoéa

min  f(x)
sit. gi(x) <0, i=1,2,...,k
hi(x)=0, j=1,2,...,1
» gi(x) <0 goi la rang budc bat ding thifc, hi(x) = 0 goi Ia
rang budc ding thic.

» x thda man céc diéu kién duoc goi 13 mdt nghiém chip nhan
dugc (feasible solution).

13



M6t sb thuat ngit t6i vu hoéa

min  f(x)
sit. gi(x) <0, i=1,2,...,k
hi(x) =0, j=1,2,....1

» gi(x) <0 goi la rang budc bat ding thifc, hi(x) = 0 goi Ia
rang budc ding thic.

» x thda man céc diéu kién duoc goi 13 mdt nghiém chip nhan
dugc (feasible solution).

» Tap hop cac nghiém CND dugc goi la mién CND (feasible
region).

13



M6t sb thuat ngit t6i vu hoéa

min  f(x)
sit. gi(x) <0, i=1,2,...,k
hi(x) =0, j=1,2,....1

» gi(x) <0 goi la rang budc bat ding thifc, hi(x) = 0 goi Ia
rang budc ding thic.

» x thda man céc diéu kién duoc goi 13 mdt nghiém chip nhan
dugc (feasible solution).

» Tap hop cac nghiém CND dugc goi la mién CND (feasible
region).

» Néu mién CND bing rBng ta ndi bai todn khéng cé nghiém
CND (infeasible), nguoc lai la cé nghiém chip nhan duoc
(feasible).

13



M6t sb thuat ngit t6i vu hoéa

min  f(x)
s.t. g,-(x) <0, i=
hJ(X) =0, j=1,

» V6i mét nghiém CND x, néu gi(x) = 0 ta néi g; active tai x.

1,2,...
1,2

g ..

14



M6t sb thuat ngit t6i vu hoéa

min  f(x)
s.t. g,'(X)SO, i
hi(x) =0, j

)

1,2,...
1,2

g ..

k
.

» V6i mét nghiém CND x, néu gi(x) = 0 ta néi g; active tai x.

» Gié tri nhd nhAt cta f(x) trén mién CND goi 13 gid tri téi uu

(optimal value), ki hiéu *.

14



M6t sb thuat ngit t6i vu hoéa

min  f(x)
s.t. g,'(X)SO, i
hi(x) =0, j

)

1,2,...
1,2,...,1.

g ..

, k

» V6i mét nghiém CND x, néu gi(x) = 0 ta néi g; active tai x.

» Gié tri nhd nhAt cta f(x) trén mién CND goi 13 gid tri téi uu

(optimal value), ki hiéu *.

» Néu x 13 mot nghiém CND va f(x) = f* thi ta goi x |3 mét

nghiém tbi uu (optimal solution).

14



M6t sb thuat ngit t6i vu hoéa

min  f(x)
st. gi(x)<0, i=12,...k
hi(x) =0, j=1,2,...,1

v

Vé6i mét nghiém CND x, néu gj(x) = 0 ta néi g; active tai x.

v

Gié tri nhd nhit cha f(x) trén mién CND goi 13 gid tri tbi uu
(optimal value), ki hiéu *.

v

Néu x 13 mét nghiém CND va f(x) = f* thi ta goi x 13 mot
nghiém tbi uu (optimal solution).

» Néu x 13 mét nghiém CND va f(x) < f* + ¢ thi ta goi x la
e-suboptimal.

14



Example: lasso
Given y € R", X € R"*P, consider the lasso problem:
min ly - X813
subject to  ||B]1 < s

Is this convex? What is the criterion function? The inequality and
equality constraints? Feasible set? Is the solution unique, when:

e n > pand X has full column rank?

e p > n ("high-dimensional” case)?

How do our answers change if we changed criterion to Huber loss:

> olyi—alB), p(z)= {22 2| <6
=1

82| — 167 else



Example: support vector machines

Given y € {—1,1}", X € R"*P with rows z1,...z,, consider the
support vector machine or SVM problem:

1, -
min — +C g :
B,B0,¢ 2”5H2 gt S

subject to & >0,i=1,...n
yi(aTB+By)>1—&, i=1,...n

Is this convex? What is the criterion, constraints, feasible set? Is
the solution (8, By, &) unique? What if changed the criterion to

Loanz 1o 101
- - 1.01
2”5”2‘1‘ 2504‘0;:1 &

For original criterion, what about 8 component, at the solution?



Cac loai bai toan toi uu

» Khi khéng c6 diéu kién rang budc thi ta cé bai toan tbi uu
héa khong rang budc.

» Ngudgc lai ta c6 bai toan tbi uu héa cé rang budc.

15



Cac loai bai toan toi uu

» Khi khéng c6 diéu kién rang budc thi ta cé bai toan tbi uu
héa khong rang budc.

» Ngudgc lai ta c6 bai toan tbi uu héa cé rang budc.

Tiép theo ta xét cac loai bai todn tdi uu héa

> tuyén tinh
> |5i

> rdi rac.

15



Bai toan tdi uu tuyén tinh

Dang chinh tic

Dang chuan tac

Dang t(“;ng quat

min ¢’x
st. Ax=
x>0
min ¢’ x
st. Ax>b
x> 0.
min c'x+dTy
st. Ax+By=a
Cx+ Dy >b
x > 0.

16



Bai toan tbi uu 16i
Bai toan tbi uu
min  f(x)
st. gi(x) <0, i=1,2,...k

dugc goi la 1a bai todn tbi vu 16i néu f va g; l1a cdc ham 16i.

17



Bai toan t6i uu l6i
Bai toan téi uu
min  f(x)
sit. gi(x) <0, i=1,2,...k
duoc goi 13 13 bai todn téi uu 16i néu f va gj 13 cac ham 16i.
Khi dé mdi diéu kién dng véi mot tap mic dudi 16i nén mién chip

nhan dugc 1a giao clia ching ciing 1a mét tap 15i.

17



Bai toan t6i vu loi
Bai toan tbi uu
min  f(x)
sit. gi(x) <0, i=1,2,...k
duoc goi 1a 13 bai todn téi uu 16i néu f va gi 13 cic ham 16i.
Khi dé mdi diéu kién dng véi mot tap mic dudi 16i nén mién chip
nhan dugc 1a giao clia ching ciing 1a mét tap 15i.
Bai toan tbi uu
min  f(x)
st. gi(x) <0, i=1,...,k
hi(x)=0, j=1,...,I



Bai toan t6i uu l0i
Bai toan tdi uu
min  f(x)
sit. gi(x) <0, i=1,2,...k
duoc goi 1a 13 bai todn téi uu 16i néu f va gi 13 cic ham 16i.
Khi dé mdi diéu kién dng véi mot tap mic dudi 16i nén mién chip
nhan dugc 1a giao clia ching ciing 1a mét tap 15i.

Bai to4n ti uu

f
min  f(x) min () _
) stt. gi(x) <0, i=1,...,k
st. gi(x) <0, i=1,...,k _
hi(x) =0, j=1,....1 hix) <0, j=1,....1
J s J eyl —hj(X)SO, _/:]_’7/

[a 16i néu
» f va g; la cdc ham [6i

> hj vira 13 ham 16i vira 13 ham 16m. o



Bai toan toi vu loi

Bo de

f:R" — R Ia ham vira I6i vira 16m khi va chi khi f 13 ham affine.

J

18



Bai toan t6i uu loi

Bo de

f:R" — R 13 ham vira 16i vira 16m khi va chi khi f 13 ham affine. )

Chdng minh.
f vira 13 ham 16i vira 13 ham I8m thi ta c6
f(Ax+ (1= XN)y) =A(x)+ (1= XNf(y), YA€[0,1],x,y € R".

18



Bai toan t6i uu loi

Bo de

f:R" — R 13 ham vira 16i vira 16m khi va chi khi f 13 ham affine. )

Chdng minh.
f vira 13 ham 16i vira 13 ham I8m thi ta c6
f(Ax+ (1= XN)y) =A(x)+ (1= XNf(y), YA€[0,1],x,y € R".
Suy ra véi moi A € [0,1] ta cé
f(Ax) = f(Ax + (1 = N)0) = M (x) + (1 — N)f(0),

18



Bai toan t6i uu loi

Bo de

f:R" — R 13 ham vira 16i vira 16m khi va chi khi f 13 ham affine. )

Chirng minh.
f vira 13 ham 16i vira 13 ham 18m thi ta c6
f(Ax+ (1= XN)y) =A(x)+ (1= XNf(y), YA€[0,1],x,y € R".
Suy ra véi moi A € [0,1] ta cé
f(Ax) = f(Ax + (1 = N)0) = M (x) + (1 — N)f(0),
hay
g(Ax) = Ag(x)
véi g(x) := f(x) — £(0).

18



Bai toan t6i uu loi

Bo de

f:R" — R 13 ham vira 16i vira 16m khi va chi khi f 13 ham affine. )

Chirng minh.
f vira 13 ham 16i vira 13 ham 18m thi ta c6
f(Ax+ (1= XN)y) =A(x)+ (1= XNf(y), YA€[0,1],x,y € R".
Suy ra véi moi A € [0,1] ta cé
F(Ax) = FOx + (1 — A)0) = AM(x) + (1 — \)F(0),
hay
g(Ax) = Ag(x)
véi g(x) := f(x) — f(0). Tur d6 ta ciing suy ra véi moi A > 1 ta c6
() = (30:0) = 720

hay
Ag(x) = g(Ax).

18



Bai toan toi vu loi

Chdng minh.

Ta cé

1
gx+y)=2g <§X+

1
2y

1

1
2y

) — 2f(0)
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Bai toan toi vu loi

Chdng minh.

Ta cé

(+y)—2g<; ;) Zf(;

22100+ 1t9) 210

+ 5y ) — 2f(0)
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Bai toan toi vu loi

Chdng minh.

Ta cé

gx+y)=2g (%x—i— %y) =2f (%xjt %y) — 2f(0)
—) (%f(x)—i— %f(y)) —2£(0)

= f(x) + f(y) — 2f(0) = g(x) + &().

19



Bai toan t6i uu loi

Chdng minh.

Ta cé

1 1 1 1
g(x+y)=2g <2X—|—2y> =2f <2x+ 2y> —2f(0)

= (;f(x) + ;f(y)> —2f(0)

= f(x) + f(y) — 2f(0) = g(x) + &(y).

Suy ra g 13 ham tuyén tinh va do dé f I3 ham affine.
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Bai toan t6i uu loi

Chdng minh.

Ta cé

1 1 1 1
g(x+y)=2g <2X—|—2y> =i <2x+ 2y> —2f(0)

= <;f(x) " ;f(y)> —2f(0)

= f(x)+ f(y) — 2f(0) = g(x) + g(y).

Suy ra g 13 ham tuyén tinh va do dé f I3 ham affine.

Nhu vay bai todn tbi uu 16i s& c6 dang

min  f(x)
st. gi(x) <0, i=1,...,k
Ax=b

V6i fva g, i =1,2,...k, 13 cic ham I3i.

19



To6i uu lién tuc vs. toi uu rdi rac

Da&i khi chiing ta doi hdi bién phai 13 s6 nguyén hay nhi phan. Vi
du nhu khi bién clia chiing ta |3 sb 6t cn d& van chuyén, sé nhan
luc, hay bién quyét dinh c6 1am mét viéc gi dé khong.

Khi dé ta s& c6 bai todn tbi uu héa nguyén hoic tbi uu hda nhi
phan.

Trong ndi dung mén hoc ndy chiing ta s& khdng xét dén dang bai
toan trén.

20



Cuc tri dia phuong va toan cuc

Xét bai toan tbi uu

min  f(x)
stt. gi(x) <0, i=1,
hi(x) =0, j=1,

Ki hiéu X 13 mién CND.
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Cuc tri dia phuong va toan cuc

Xét bai toan tbi uu

min  f(x)
st. gi(x) <0, i=12 ...k
hi(x) =0, j=1,2,....1.

Ki hiéu X 13 mién CND.

X € X dugc goi |3 nghiém tbi uu dia phuong (locally optimal) néu
ton tai R > 0 sao cho

F(%) < f(x), x € X : |x — X|]2 < R.
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Cuc tri dia phuong va toan cuc

Xét bai toan tbi uu

min  f(x)
st. gi(x) <0, i=12 ...k
hi(x) =0, j=1,2,....1.

Ki hiéu X 13 mién CND.

X € X dugc goi |3 nghiém tbi uu dia phuong (locally optimal) néu
ton tai R > 0 sao cho

F(%) < f(x), x € X : |x — X|]2 < R.

Dé phan biét véi nghiém tbi uu dia phuong véi nghiém tdi wu, ta

con goi nghiém ti uu 13 nghiém t6i uu toan cuc (globally optimal).
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Cuc tri dia phuong va toan cuc

6 - T T

4 global maximum
local maximum

2 —

. e

local minimum

global minimum

-6 l | | | |

0 0.2 0.4 0.6 0.8 1

1.2

22



Cuc tiéu dia phuang clia bai toan tbi vu 16i

Dinh Iy

Nghiém tbi uu dia phuong cia mét bai todn téi uu 16 ciing 13
nghiém tbi uu toan cuc.

Chidng minh.

Chitng minh phan ching dua trén tinh 16i cia mién CND va ham
muc tiéu.

O

.
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Diém dirng

Diém dirng (stationary point) x cia mét ham kha vi f 1a mét diém
tai d6 Vf(x) =0.
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Diém dirng

Diém dirng (stationary point) x cia mét ham kha vi f 1a mét diém
tai d6 Vf(x) =0.

Ta sé& thdy mai diém cuc tri dia phuong 13 mét diém dimg.
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Diém dirng

Diém dirng (stationary point) x cia mét ham kha vi f 1a mét diém
tai d6 Vf(x) =0.

Ta sé& thdy mai diém cuc tri dia phuong 13 mét diém dimg. Tuy
nhién cin luu y ring khéng phai moi diém dirng déu 13 cuc tri dia
phuong.

24



Diém dirng

Diém dirng (stationary point) x cia mét ham kha vi f 1a mét diém
tai d6 Vf(x) =0.

Ta sé& thdy mai diém cuc tri dia phuong 13 mét diém dimg. Tuy
nhién cin luu y ring khéng phai moi diém dirng déu 13 cuc tri dia

phuong.

Vidu: f(x) = x3

f'(0) = 0 nhung 0 khéng
phai la mot diém cuc tri. =

o N & O ®

-20 -15 -1.0 -05 0.0 0.5 1.0 15 2.0
x
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Duong mirc

Dudng miic cha mot ham sb f:R" — R 13 mbt tap hop cé dang

Le(F) = {x]f(x) = c}.
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Duong mirc

Dudng miic cha mot ham sb f:R" — R 13 mbt tap hop cé dang

Le(F) = {x]f(x) = c}.

-4 x

f(x,y)=(x*+y—11)2+ (x +y?>—7)>  Log-spaced level curve
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Dudng mifc va gradient ctia ham 2 bién

V6i ham f kh3 vi, gradient tai mét diém ho3c bing 0 hoic vudng
géc véi dudng mic tai diém dé.
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Dudng mifc va gradient ctia ham 2 bién

V6i ham f kh3 vi, gradient tai mét diém ho3c bing 0 hoic vudng
géc véi dudng mic tai diém dé.

Vidu: f(x,y) = x> —3x — 2y?

Grapn oty nzy 7

Gragiant vector 16id and leval curves of )= ax-2y 2

N
AN
\‘\‘\\\\\

NN
AN

NS
N
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