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The Dual Simplex Algorithm

(P) maximize —4x; —2x2 — X3
subject to —x3 — xp +2x3 < —3
—4x1 —2x0+ x3<—4
x1+ xo—4x3< 2
0 < x1,X2,x3
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The Dual Simplex Algorithm

(P) maximize —4x; —2x, — X3 (D) minimize —3y; —4ys + 2y3
subject to —x3 — xp +2x3 < —3 subject to —y; —4yo+ y3>—4
—4x1 —2x0+ x3< —4 —y1—2yo+ y3> -2
x1t+ xx—4x3 < 2 21+ y2—4y3 > -1
0 < x1,x,x3 0<y1,y2,y3
1 -1 210 0]-3]pe
—4 -2 1 0 1 0| —4|primal
1 1 -4 00 1 5 feasible.
—4 -2 -1 00 0| 0]

Dual feasible!

The dual has feasible origin.



The Dual Simplex Algorithm

The tableau below is said to be dual feasible because the objective

row coefficients are all non-positive, but it is not primal feasible.

-1 -1 210 0]-3
4 -2 101 0|4
1 1 400 1] 2
—4 -2 -1.00 0] 0]

A tableau is optimal if and only if it is both primal feasible and
dual feasible.

Can we design a pivot for this tableau that tries to move it toward

primal feasibility while retaining dual feasibility?



The Dual Simplex Algorithm

(D) min —3y1 — 4y2 + 2y3
st. —y1—4p+ y3>—4
—y1—2y2+ y3>—2
2y1+ y2—4y3> -1
0<y1,y2,¥3



The Dual Simplex Algorithm

(D) min —3y1 — 4y + 2y3 -1-1 2 1 0 0 -3
st. —yi—4p+ y3=>-4 —-4-2 1 0 1 0 -4
“Y1—2p2+ y3> -2 1 1-4 00 1 2

it =43zl [4 210 0 0] 0

0<y1,y2,»3



The Dual Simplex Algorithm

(D) min —3y1 — 4y + 2y3 -1-1 2 1 0 0 -3
ua
st. —y1—4y>+ y3>—4 —4 -2 1 0 1 0| —4 | objective
—yp — 2)/2 + V3 > -2 1 1-4 0 0 1 2 coefficients
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The Dual Simplex Algorithm

(D) min —3y1 — 4y + 2y3 -1-1 2 1 0 0 -3

dual
st. —y1—4y>+ y3>—4 —4 -2 1 0 1 0| —4 | objective
—yp — 2)/2 + V3 > -2 1 1-4 0 0 1 2 coefficients
21+ y2—4ys > —1 —4-2-10 0 0‘ 0‘
0<y1,y2,¥3 Tt

yi Y2 y3
Dual variables



The Dual Simplex Algorithm

(D) min =3y1 — 4y> + 2y3 -1-1 2 1 0 0] -3|,_
st. —y1—4y>+ y3>—4 —4 -2 1 0 1 0| —4 | objective
—yp — 2)/2 + V3 > -2 1 1-4 0 0 1 2 coefficients
2vi+ ya—4ys > -1 -4 -2-10 0 0‘ 0‘
0<y1,¥2,¥3 Tt

. yi y2 y3
Dual variables

Increasing y; decreases the value of the dual objective.



Primal-Dual Correspondences

Increasing y1 means we pivot on row 1.
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Primal-Dual Correspondences

Increasing y1 means we pivot on row 1.
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Primal-Dual Correspondences

Increasing y1 means we pivot on row 1.

-1 2 1 0 0|—-3]| < pivot row
—4 =2 1 01 0|4
1 1 -4 0 01 2
| -4 -2 -100 0
4/1 2/1 ratios

By how much can we increase the value of y;7

ratio
—y1 =4y t+y3 > —4 | 4/1
- —2y+ys>—-21 2/1
2y1+y2 —4y3 > 1
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The Dual Simplex Algorithm
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The Dual Simplex Algorithm

-1 -1 2 1 0 0|—-3]| « pivot row
-4 -2 1 01 0| -4
1 1 -4 0 0 1 2
-4 -2 -100 0] 0]

Any row having a negative rhs is a candidate pivot row.



The Dual Simplex Algorithm

-1 -1 2 1 0 0|—-3]| « pivot row
-4 -2 1 01 0|4
1 1 -4 00 1| 2
-4 -2 -100 0] 0]

Any row having a negative rhs is a candidate pivot row.

Form the ratios with the negative entries in pivot row.



The Dual Simplex Algorithm

-1 -1 2 1 0 0|—-3]| « pivot row
-4 -2 1 01 0|4
1 1 -4 00 1| 2
-4 -2 -100 0] 0]

Any row having a negative rhs is a candidate pivot row.
Form the ratios with the negative entries in pivot row.

The pivot column is given by the smallest ratio.



The Dual Simplex Algorithm

pivot
column
-1 i 2 1 0 0|—-3]| « pivot row
-4 -2 1 01 0|4
1 1 -4 00 1| 2
-4 -2 -1 00 0] 0]

Any row having a negative rhs is a candidate pivot row.
Form the ratios with the negative entries in pivot row.

The pivot column is given by the smallest ratio.
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The Dual Simplex Algorithm

11 =2 -1 0 0 3
-2 0 -3 -2 1 0 2
00 10 1| —1| <« pivot row
-2 0 -5 -2 0 0 6
11 0 -2 0 -1 4
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The Dual Simplex Algorithm

11 =2 -1 0 0 3

-2 0 -3 -2 1 0 2

00 10 1| —1| <« pivot row
-2 0 -5 -2 0 0 6

11 0 -2 0 -1 4

20 0 -7/2 1 -3/2| 7/2

00 1 -1/2 0 —1/2| 1/2

2 0 0 -9/2 0 —5/2|17/2 | optimal



The Dual Simplex Algorithm

110 -20 -1 4
-2 00 -7/2 1 —3/2| 7/2
001 —-1/2 0 —1/2| 1/2
~2 0 0 -9/2 0 —5/217/2 | optimal
X1 0

x| = 4 and

X3 1/2



The Dual Simplex Algorithm

110 -20 -1 4
-2 00 -7/2 1 —3/2| 7/2
001 —-1/2 0 —1/2| 1/2
~2 0 0 -9/2 0 —5/217/2 | optimal
X1 0 Y1 9/2
x| =1 4 and wl=1|0

X3 1/2 ¥3 5/2



The Dual Simplex Algorithm

110 -20 -1 4
-2 00 -7/2 1 —3/2| 7/2
001 —-1/2 0 —1/2| 1/2
~2 0 0 -9/2 0 —5/217/2 | optimal
X1 0 y1 9/2
x| =1 4 and wl=1|0
X3 1/2 V3 5/2

Optimal value = -17/2.



The Dual Simplex Algorithm

Apply the dual simplex algorithm to the following problem.

(P) maximize —4x;1 — 2x — X3
subjectto —x1 — x» + 2x3 < -3
—4x1 — 2x0 + x3 < —4
xx + x - x3 <2

0 < X1, X2, X3.



The Dual Simplex Algorithm

-1 2 1 0 0|—-3]|<« pivotrow
-4 =2 1 01 0|4

1 1 -1 001 2
-4 2 -1 00 0] O]

10



The Dual Simplex Algorithm
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The Dual Simplex Algorithm

-1 2 1 0 0|—-3]|<« pivotrow
-4 -2 1 01 0|4

1 1 -1 001 2
-4 -2 -1 0 0 0] O

1 1 -2 -1 0 0] 3
-2 0 -3 -2 1 0| 2

0 O 1 1 0 1|—-1| < pivot row
-2 0 -5 -2 0 0] 6

No negative entry in the pivot row! What does this mean?
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The Dual Simplex Algorithm

-1 2 1 0 0|—-3]|<« pivotrow
-4 -2 1 01 0|4

1 1 -1 001 2
-4 -2 -1 0 0 0] O

1 1 -2 -1 0 0] 3
-2 0 -3 -2 1 0| 2

0 O 1 1 0 1|—-1| < pivot row
-2 0 -5 -2 0 0] 6

No negative entry in the pivot row! What does this mean?

The dual problem is unbounded.

10



The Dual Simplex Algorithm
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The Dual Simplex Algorithm

-1 2 1 0 0|—-3]|<« pivotrow
-4 -2 1 01 0|4

1 1 -1 001 2
-4 -2 -1 0 0 0] O

1 1 -2 -1 0 0] 3
-2 0 -3 -2 1 0| 2

0 O 1 1 0 1|—-1| < pivot row
-2 0 -5 -2 0 0] 6

No negative entry in the pivot row! What does this mean?

The dual problem is unbounded. What can you say about the
primal problem? The primal is necessarily infeasible by the Weak
Duality Theorem.
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Don hinh vs. don hinh dbi ngiu

Xét bai todn LP chinh tic.

» Thuat todn don hinh:

» Thu4t todn don hinh déi ngu:
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Don hinh vs. don hinh dbi ngiu

Xét bai todn LP chinh tic.

» Thu4t todn don hinh: XuAt phat va trong mdi budc c6 1 co sé
CND, nhung (c6 thé) khéng CND dbi ngiu,

» Thust toan don hinh dbi ngdu: Xult phét va trong mdi budc
c6 1 co s6 CND dbi ngdu, nhung (c6 thé) khéng CND,
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Don hinh vs. don hinh dbi ngiu

Xét bai todn LP chinh tic.

» Thu4t todn don hinh: XuAt phat va trong mdi budc c6 1 co sé
CND, nhung (cé thé) khéng CND dbi ng3u, ding khi co sé
vira CND vira CND dbi ngau.

» Thuit todn don hinh dbi ngiu: Xult phat va trong mdi budc
c6 1 co s6 CND dbi ngiu, nhung (c6 thé) khéng CND, dirng
khi co s6 vira CND vira CND dbi ngau.
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Don hinh vs. don hinh dbi ngiu

Xét bai todn LP chinh tic.

» Thu4t todn don hinh: XuAt phat va trong mdi budc c6 1 co sé
CND, nhung (cé thé) khéng CND dbi ng3u, ding khi co sé
vira CND vira CND dbi ngau.

» Thuit todn don hinh dbi ngiu: Xult phat va trong mdi budc
c6 1 co s6 CND dbi ngiu, nhung (c6 thé) khéng CND, dirng
khi co s6 vira CND vira CND dbi ngau.

Cos6 B la
» CND néu Ag'b >0

» CND dbi ngiu néu ¢ — cBA la<o.
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Khi nao thi dung thuat toan don hinh dbi ngiu

» Thuit toin don hinh dbi ngiu trong thuc t& nhanh hon thujt
toan don hinh gbc.

'R. Bixby, Solving real-world linear programs: A decade and more of progress,
Operations Research, Vol 50, No. 1, pp. 3-15, 2002
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Khi nao thi dung thuat toan don hinh dbi ngiu

» Thuit toin don hinh dbi ngiu trong thuc t& nhanh hon thujt
toan don hinh gbc. C6 mét sb Ii do, nhung quan trong nhit I3
viéc st dung tiéu chuin "steepest edge" ctia Goldfarb dé xac
dinh bién rdi co sé trong mdi budcl.

» Nén sir dung thut todn don hinh dbi ng3u thay vi thuit todn
don hinh néu ta d3 cé s§n mét co sé dbi ngiu. Viéc nay cé
thé x3y ra ndu ta di gidi xong nghiém ti uu cia mét LP, sau
dé ta mudn

e Thay d8i vé phai

e Hay thém mot sb didu kién.
Khi d6 nghiém cii c6 thé khéng con CND nita, tuy nhién co sd
clia né vAn CND d&i ngiu.

'R. Bixby, Solving real-world linear programs: A decade and more of progress,
Operations Research, Vol 50, No. 1, pp. 3-15, 2002
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Khi nao thi dung thuat toan don hinh dbi ngiu

Khi ta thay déi b: do "reduced cost" khong phu thubc vao b nén
né van khéng duong va co sé dang cé vin CND déi ngiu.
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rang budc: ta chi cAn thém cac bién b tuong dng vao co sé mdi.
Khi dé cac bién ngoai co sé van giit nguyén va "reduced cost" ting
véi chiing hoan toan khong thay déi, tic 13 vn khéng duong, va
do d6 co s& mdi ciing CND déi nghu.
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Khi nao thi dung thuat toan don hinh dbi ngiu

Khi ta thay déi b: do "reduced cost" khong phu thubc vao b nén
né van khéng duong va co sé dang cé vin CND déi ngiu.

Khi ta thém mét vai diéu kién bt ding thic vao tap diéu kién
rang budc: ta chi cAn thém cac bién b tuong dng vao co sé mdi.
Khi dé cac bién ngoai co sé van giit nguyén va "reduced cost" ting
véi chiing hoan toan khong thay déi, tic 13 vn khéng duong, va
do d6 co s& mdi ciing CND déi nghu.

Luu y: M6t didu kien d3ng thic cé thé bidu dién qua 2 diéu kién
bdt.

13



Luyén tap

Hay gidi LP sau diing thuAt toén don hinh déi ngiu

maximize —4x; — 3x» — 2x3
subject to X1 - x3 < -1
—X1 — X < =2
X1 — xo — 2x3 < 0

0 < X1,X2,X3
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