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Hidden Hand of the Market Place: Duality

In the market place there is competition for raw materials, or the
inputs to production. This collective competition is the hidden
hand that sets the price for goods in the market place.

Is there a mathematical model for how these prices are set?

Let us think of the market as a separate agent in the market place.
It is the agent that owns and sells the raw materials of production.

The goal of the market is to make the most money possible from
its resources by setting the highest prices possible for them.

The market does not want to put the producers out of business, it
just wants to take all of their profit.

How can we model this mathematically?



Hidden Hand of the Market Place: Duality

We answer this question in the context of the Plastic Cup Factory.

A local family-owned plastic cup manufacturer wants to optimize
their production mix in order to maximize their profit. They
produce personalized beer mugs and champagne glasses. The profit
on a case of beer mugs is $25 while the profit on a case of
champagne glasses is $20. The cups are manufactured with a
machine called a plastic extruder which feeds on plastic resins.
Each case of beer mugs requires 20 Ibs. of plastic resins to produce
while champagne glasses require 12 Ibs. per case. The daily supply
of plastic resins is limited to at most 1800 pounds. About 15 cases
of either product can be produced per hour. At the moment the

family wants to limit their work day to 8 hours.



M6 hinh LP cta bai toan xudng san xuit cbc nhua

maximize 25x; 4+ 20x

subject to 20x; + 12x < 1800

IN
oo

1 1
EX]' + EX2

x1,x2 > 0.



Hidden Hand of the Market Place: Duality

By how much should the market increase the sale price of plastic
resin and hourly labor in order to wipe out the profit for the Plastic

Cup Factory?
Define

0 < y; = price increase for a pound of resin

0 < y» = price increase for an hour of labor

These price increases should wipe out the per unit profitability for

cases of both beer mugs and champagne glasses.



Hidden Hand of the Market Place: Duality

production cost increase > current profit

current profit
Beer Mugs: cost increase = 20y; + %yz > 25

Champagne Glasses: cost increase = 12y; + 1—15y2 > 20



Hidden Hand of the Market Place: Duality

Now minimize the total increase in the cost of raw materials
subject to wiping out the producer’s profit. Hopefully this will keep
the Plastic Cup Factory in business.

minimize 1800y7 + 8y»
Rewriting the Market's price increase problem we get

minimize  1800y; + %)

15
20

subject to 20y1 + y2/15
12y + y2/15

0< v,y

This is another linear program!

Let us compare this LP with the original LP.



Linear Programming Duality

Prime:

max 25x; + 20xo

s.t.

20x1 + 12x0

1 1
EXl + EX2

0 < x1,x

1800

Dual:

min 1800y; + 8y»
st 20y1 + &y» > 25
12y1 + £y2 > 20

0 < Yi, Y2



Linear Programming Duality: Matrix Notation

(P) (D)
Primal: max c¢’x Dual: min b’y
st. Ax<b s.t. ATy > c

x>0 y>0



Linear Programming Duality: Matrix Notation

(P) (D)
Primal: max c¢’x Dual: min b’y
st. Ax<b s.t. ATy > c
x>0 y>0

Luu y: Bai todn dbi nglu ciing c6 thé dugc xdy dung théng qua
ham Lagrange (xem tai liéu tham khdo).



The Dual of the Dual

(P) max c’x (D) min by
st. Ax<b s.t. ATy >c
x>0 y > 0.

What is the dual to the dual?



The Dual of the Dual

min by
s.t. ATy >c
y=>0

—max (=b)Ty
st. (—AT)y < (—¢)
y 2 0.
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The Dual of the Dual

min by — —max (=b)Ty
st. ATy >c st. (—AT)y < (—¢)
y=0 y = 0.

Déi ngdu cha né 13

—min (—c)Tx
st. (—AT)Tx > (—b)
x>0

10



The Dual of the Dual

min bTy —max (—b)Ty
T <~ .
st. Aly>c st. (—Al)y <(-¢)
y=>0 y > 0.
D&i nglu clia né 13
-
—min (—c)Tx max c'x
st. (—AT)Tx > (—b) = st. Ax<b
x>0 x2>0

The dual of the dual is the primal.

10



D6i ngiu trong trudng hop téng quat

P maximize > 7, X

subject to > 7 ajx; < bi, i€l
27:1 ajxj=bi, ic€E
xi >0, jeER.

Here the index sets /, E, and R are such that

INE=92,lUE={1,2,...,m}, and R C {1,2,...,n}.

Luu y: v6i max b4t ding thirc & dang < con véi min b4t ding thic
G dang >.



Primal-Dual Correspondences

In the Primal

In the Dual

Maximization
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Primal-Dual Correspondences
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Primal-Dual Correspondences

In the Primal In the Dual
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Inequality Constraints  Restricted Variables
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Primal-Dual Correspondences

In the Primal In the Dual

Maximization Minimization
Inequality Constraints  Restricted Variables
Equality Constraints Free Variables
Restricted Variables  Inequality Constraints

Free Variables Equality Constraints
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Primal-Dual Correspondences

P maximize > 7 ¢ix;

subject to > 7 ajx; < by, i€l

S agx=b, i€E

xj > 0, JER.

F={1,2,...,n}\ R = the free variables
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Primal-Dual Correspondences

P maximize > 7 ¢ix;

subject to > 7 ajx; < by, i€l
S apg=bj, i€k
xj > 0, JER.

F=1{1,2,...,n} \ R = the free variables

D  minimize
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Primal-Dual Correspondences

P maximize > 7 ¢ix;

subject to > 7 ajx; < by, i€l
S apg=bj, i€k
xj > 0, JER.

F=1{1,2,...,n} \ R = the free variables

D minimize Y7, biy;
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Primal-Dual Correspondences

P maximize > 7 ¢ix;

subject to > 7 ajx; < by, i€l
S apg=bj, i€k
xj > 0, JER.

F=1{1,2,...,n} \ R = the free variables

D minimize Y7, biy;

subject to
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Primal-Dual Correspondences

P maximize > 7 ¢ix;

subject to > 7 ajx; < by, i€l
S apg=bj, i€k
xj > 0, JER.

F=1{1,2,...,n} \ R = the free variables

D minimize Y7, biy;

subject to .7 ajyi > ¢, jER



Primal-Dual Correspondences

P maximize > 7 ¢ix;

subject to > 7 ajx; < by, i€l

S agx=b, i€E

xj > 0, JjER.

F=1{1,2,...,n} \ R = the free variables

D minimize Y7, biy;
subject to .7 ajyi > ¢, jER
Yitiagyi=¢, JEF

yi >0, iel.
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Example: General Duality

Compute the dual of the L

maximize X1
subject to  5x3
—xq

X1

X3

P

— 2x
+ X2
+ 5X2

+ 3x3

+ 8X3

10
10

IN

14



Example: General Duality

Compute the dual of the LP

maximize X1 — 2x0 4+ 3x3
subject to  bxy + x — 2x3 < 8 y1 >0
—X1 + bxo + 8x3 = 10 yo free
X1 S 10 ¥3 Z 0

X3 ZO
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Example: General Duality

Compute the dual of the LP

maximize X1 — 2x0 4+ 3x3
subject to  bxy + x» — 2x3 < 8 y1 >0
—X1 + 5x + 8x3 = 10 yo free
X1 S 10 ¥3 Z 0
X3 > 0
minimize
y12>20,y3>0
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Example: General Duality

Compute the dual of the LP

maximize X1 — 2x0 4+ 3x3
subject to  bxy + x — 2x3 < 8 y1 >0
—X1 + bxo + 8x3 = 10 yo free
X1 S 10 ¥3 Z 0
X3 Z 0
minimize 8y1 + 10y» + 10y3
subject to  by; — Yo + V3 1
yi1 + 5y = =2
—2y1 + 8y > 3

14



Second Example: General Duality

Primal
max  2x; —
s.t. X1 +
]_0X1 +
5x1 —
X1

x>0

3X2
5X2
X2

X2

X3

5X3

X3

IN

IN

20

15



Second Example: General Duality

Primal
max  2x; —

s.t. X1
]_0X1
5X1 —

x>0

Dual
20y>
s.t. i 10y»
51 y2
—2y1 — 5y

+ o+ +

3X2
5X2
X2

X2

y2>0, y4s >0.

3y3
5y3
y3
y3

+ 6y
+ s

Vv

15



Tinh dong nhat cta bai toan dbi ngiu

Nhu ta d3 biét mai bai toin quy hoach tuyén tinh c6 thé viét &
dudi nhiéu dang khac nhau. Vi du nhu ta cé thé dua vé dang chinh
tic, chuan tic, ...

16



Tinh dong nhat cta bai toan dbi ngiu

Nhu ta d3 biét mai bai toin quy hoach tuyén tinh c6 thé viét &
dudi nhiéu dang khac nhau. Vi du nhu ta cé thé dua vé dang chinh
tic, chuan tic, ...

Cau hdi dit ra 13 lidu cic bai todn dbi ngiu cla cac dang khac
nhau dé c6 tuong duong hay khong?

Vi du 1:
(P) max c'x (D) min b7y
st. Ax<b s.t. ATy >c
x>0 y >0

16



Tinh dong nhat cta bai toan dbi ngiu

Ta c6 thé thém bién bu d& chuyén P vé& dang chinh tic
max CTX
st. Ax+1z=0b

x,z > 0.
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Tinh dong nhat cta bai toan dbi ngiu

Ta c6 thé thém bién bu d& chuyén P vé& dang chinh tic

max CTX

st. Ax+1Ilz=0b

x,z > 0.

N6 c6 thé dugc viét lai thanh

(P) max c'x+07z
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Tinh dong nhat cta bai toan dbi ngiu

Ta c6 thé thém bién bu d& chuyén P vé& dang chinh tic

max CTX

st. Ax+1Ilz=0b

x,z > 0.
NG c6 thé dugc viét lai thanh
(P) max c'x+07z (D') min bTy
X AT c
. = t. >
st. (A1) <Z> 5.t </T>y—<0

x,z>0

Diéu kién clia (D') chinh 13 ATy > ¢, y > 0 (diéu kién cta (D)).



Tinh dong nhat cta bai toan dbi ngiu

Vi du 2:
(P) max c'x (D) min bTy
st. Ax=0b st. ATy >c.
x>0

Ta c6 thé dua (P) v& dang chuin tic

(P) max c'x

= ([

x> 0.

Bai tap vé& nha: Hay chitng minh bai toan dbi nglu cta (P’) tuong

duong véi (D). 18



M6t sb két qua dbi ngiu

Trong phan sau dy chiing ta s& trinh bay mot sb két qua déi ngiu.
Chiing ta xét bai toan gbc (primal) & dang chinh tic, tirc 13 ta xét

(P) max c'x (D) min b7y
st. Ax = st. ATy >c.
x>0

19



Trong phan sau dy chiing ta s& trinh bay mot sb két qua déi ngiu.
Chiing ta xét bai toan gbc (primal) & dang chinh tic, tirc 13 ta xét

(P) max c'x (D) min b7y
st. Ax=b st. ATy >c.
x>0

Ké&t qua cho trudng hop téng quat cé thé chimg minh truc tiép

pY
A

tuong tu hodc gian tiép bing céch chuyén bai toan téng quat vé
dang chinh tic va ap dung céc két qud nay.



Dinh Iy d6i ngiu yéu (weak duality theorem)

Dinh ly (weak duality theorem)

Néu x € R 13 mét nghiém CND cia (P) va y € R™ I3 mét
nghiém CND cda (D), thi

c"x<yTAx<bTy.

I
>
Qs

: qu
Néu (P) khéng bj chan thi (D) khéng cé nghiém CND.

Néu (D) khéng bi chan thi (P) khéng cé nghiém CND.

Néu cTx = b7y vdi X 1a mét nghiém CND cia (P) va'y 13 mot
nghiém CND cia (D) thi X I3 nghiém téi uu cia (P) vay I3
nghiém tbi uu cia (D).

20



Dinh ly d6i ngiu yéu - Chifng minh

n
T — . .
c x= E :CJX.I
=1
m

n m
<SS Qamy 0<x.6<Y ayi= gy <

j=1 i=1 Py
= yTAx

n

Z 2j;)Yi
n
biyi [Z ajXxj = bi]
Jj=1

-
y

(o

Z aijyi)x]

21



Dinh Iy d6i ngdu manh (Strong Duality Theorem)
Dinh ly
Néu mét bai todn quy hoach tuyén tinh cé nghiém tbi uu th bai

toan déi ngdu ciia né ciing cé nghiém tbi uu va hai gia tri tbi uu
bang nhau.

22



Dinh Iy d6i ngdu manh (Strong Duality Theorem)

Dinh ly

Néu mét bai todn quy hoach tuyén tinh cé nghiém tbi uu th bai
todn dbi nghu cha né ciing cé nghiém tbi uu va hai gid tri tbi uu
bang nhau.

Hé qua

Néu bai todn gbc va bai todn dbi ngdu déu cé nghiém CND thi c3
hai bai todn cé nghiém tbi uu va gia tri téi uu bang nhau.
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Dinh Iy d6i ngdu manh (Strong Duality Theorem)

Dinh ly

Néu mét bai todn quy hoach tuyén tinh cé nghiém tbi uu th bai
todn dbi nghu cha né ciing cé nghiém tbi uu va hai gid tri tbi uu
bang nhau.

Hé qua
Néu bai todn gbc va bai todn dbi ngdu déu cé nghiém CND thi c3
hai bai todn cé nghiém tbi uu va gia tri téi uu bang nhau.

Ching minh.

N&u bai toin gbc c6 nghiém CND thi hodc né cé nghiém tdi uu
hodc khéng bi chin. Nhung do bai toan déi ngiu cé nghiém CND
nén né khong thé khéng bi chdn (theo hé qud). Tur dé suy ra ca 2
bai todn c6 nghiém tdi wu theo dinh ly dbi ngdu manh. O

v

22



Chiéng minh dinh ly déi ngdu manh

Xét bai todn quy hoach tuyén tinh dang chinh téc
(P) max c'x
st. Ax=b
x>0

véi A c6 cc hang déc 1ap tuyén tinh.

23



Chiéng minh dinh ly déi ngdu manh

Xét bai todn quy hoach tuyén tinh dang chinh téc
(P) max c'x
st. Ax=b
x>0
véi A c6 cc hang déc 1ap tuyén tinh.

Str dung thuat todn don hinh (v6i quy tic xoay tranh vong) ta cé
thé tim dugc mét co sé B t6i uu. Dit xg = Ag'b.
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Chiéng minh dinh ly déi ngdu manh

Xét bai todn quy hoach tuyén tinh dang chinh téc
(P) max c'x
st. Ax=b
x>0
véi A c6 cc hang déc 1ap tuyén tinh.
Str dung thuat todn don hinh (v6i quy tic xoay tranh vong) ta cé
thé tim dugc mét co sé B t6i uu. Dit xg = Ag'b.

Diéu kién ding cla thuat toin don hinh 13 "reduced cost" khéng
duong

cl —cgAFIA<O.
Chi y rang

(cF o) —cdAg (As An) = (07 of —cfAz'An).

23



Chiéng minh dinh ly déi ngdu manh

Dit yT = C‘;—AEI ta cé

c"—yTA<0T hay ATy >c,

tirc 13 y 13 mot nghiém CND cla bai toan déi ngiu.
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Chiéng minh dinh ly déi ngdu manh

Dit yT = C‘;—AEI ta cé

cT—yTA<0T hay ATy >c,
tirc 13 y 13 mot nghiém CND cla bai toan déi ngiu.
Mat khac ta c6

yTb= c,;-Aglb =chxg=cx

véi xy = 0. Do dé tir dinh Iy d&i ngiu yéu ta ¢ y 13 nghiém téi uu
clia bai toan déi ngiu.

24



Chiéng minh dinh ly déi ngdu manh

Dit yT = c;—Agl ta cé
c"—yTA<0T hay ATy >c,
tirc 13 y 13 mot nghiém CND cla bai toan déi ngiu.

Mat khac ta c6

véi xy = 0. Do dé tir dinh Iy d&i ngiu yéu ta ¢ y 13 nghiém téi uu
clia bai toan déi ngiu.

Luu y: Tir chitng minh trén ta thiy ring két thic thuat toin don
hinh ta ciing c6 thé déng thdi tim ra mét nghiém ti uu cha bai
toan déi ngiu.

24



Complementary Slackness (D0 Iéch bu)

Consider
(P) max c’x (D) min by
st. Ax<b s.t. ATy >c
x>0 y > 0.

The SDT implies that x solves (P) and y solves (D) if and only if
(x,y) is a (P) — (D) feasible pair and

c"x=yTAx=b"Ty.

We now examine the consequence of this equivalence.

25



Complementary Slackness

T

The equation ¢”x = y T Ax implies that

0=x"(ATy —¢c) = ij Zauy,— . (*)
(P) — (D) feasibility gives
0<x and Ogiauyi—cj forj=1,...,n
Hence, (*) can only hold if

m

Z ajyi — =0for j=1,...,n, orequivalently,

m
xi =0 or Za,-jy,-:cj or both for j=1,...,n

26



Complementary Slackness

Similarly, the equation y " Ax = b"y implies that

m n
0<vyi
0= yT(b — AX) = E y,'(b,' — E a,--x-). “—n )
=1 j=1 o OSbl—z 1 QijXj

Therefore, yi(bj — > a;jx) =0, i=1,2,...,m.

Hence,

n
yi=0 or Za;jxj-:b,- or both for i=1,....,m.
j=1



Complementary Slackness

Similarly, the equation y " Ax = by implies that

0=y"(b—Ax) = Zy,-(b,- - Z ajjx;). < . .
i=1 j=1 =

27



Complementary Slackness
Similarly, the equation y " Ax = b"y implies that

m n
0<vyi
0= yT(b — AX) = y,'(b,' — a,--x-). “—n )
,Z:; JZ:;JJ 0<bi—3 i qa5%

Therefore, yi(bj — > a;jx) =0, i=1,2,...,m.

Hence,

n
yi=0 or Za;jxj-:b,- or both for i=1,...,m.
j=1
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Complementary Slackness

CTX:

yTAx=b"Ty

28



Complementary Slackness

c'x=yTAx=b"y

» xj =0o0r > ", ajyj = ¢jor both for j =1,...
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Complementary Slackness

c'x=yTAx=b"y

m
> xj=00r > 0, a5y =

n
> yi=00r) i ajx =

cj or both for j =1,...
b; or both for i =1,...

28



Complementary Slackness Theorem

Dinh ly
The vector x € R" solves (P) and the vector y € R™ solves (D) if
and only if x is feasible for P and y is feasible for D and

> either x; =0 or Y " ; ajjy; = ¢j or both for j =1,...,n, and

> y,-:OorZJ'-’Zla,-jxj:b,- or both fori =1,...,m.
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Complementary Slackness Theorem

Dinh ly
The vector x € R" solves (P) and the vector y € R™ solves (D) if
and only if x is feasible for P and y is feasible for D and

> either x; =0 or Y " ; ajjy; = ¢j or both for j =1,...,n, and

> yi=0or> " ajx= b or both fori=1,...,m.

Hé qua
The vector x € R" solves P if and only if x is feasible for P and
there exists a vector y € R™ feasible for D and such that

(i) if >°7_ ayx; < bi, then y; =0, fori =1,...,m and
(i) ifx; >0, then Y7, ajyj = ¢j, forj=1,...,n.

29



Dinh Iy dé 1&ch bu cho LP dang téng quat

(P) max 37, qx; (D) min 37T, biy;
st. Ylqapg<by, i€l st. >."iayi>c, jJER
Siiaix=bi, i€E Yiliayi=¢, jE€F
xj >0, jEeR. yi >0, i€l
Dinh Iy

The vector x € R" solves (P) and the vector y € R™ solves (D) if
and only if x is feasible for P and y is feasible for D and

> either x; =0 or Y " ; ajjy; = ¢j or both for j € R, and
> yi =0 or Y i, ajxj = bj or both for i € I.

30



Testing Optimality via Complementary Slacknes

Does

x = (x1,x2,x3,Xa,x5) = (0,

solve the LP

maximize 7xy
subject to  xy
4xq
2x1
3x1

+ + 4+

—+

6>
3x
2x
Axo

X2

+
+

5x3
5x3
2x3
4x3
2x3

0 < x1, x2, X3, X4, X5.

Wl
Wl N

2X4
X4
2X4

X4

w| ol

+ 4+ + +

3x5
2Xs

X5
5x5
2Xs5

VAN VAN VAN VAN

= Ol W D
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Testing Optimality via Complementary Slacknes

Does

x = (x1,x2,x3,Xa,x5) = (0,

solve the LP

maximize 7xy
subject to  xy
4xq
2x1
3x1

+ + 4+

—+

6>
3x
2x
Axo

X2

+
+

5x3
5x3
2x3
4x3
2x3

0 < x1, x2, X3, X4, X5.

Wl
Wl N

2X4
X4
2X4

X4

w| ol

+ 4+ + +

3x5
2Xs

X5
5x5
2Xs5

VAN VAN VAN VAN

= Ol W D

n
)2
)3
S
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Testing Optimality via Complementary Slackness
The point
x = (x1, X2, X3, Xa, x5) = (0, 3
must be feasible for the LP
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Testing Optimality via Complementary Slackness

The point
4 25
X = (X15X25X37X43X5) — (O) 57 ga 550)
must be feasible for the LP
Plugging into the constraints we get
(0 + 3(3) + 5(3) - 23) + 2(0)
40) + 25 - 23 + 3 + (0
2000 + 4(3) + 4(3) — 2(3) + 5(0)
300 + (5) + 25 - () — 20

Al
= oo
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Testing Optimality via Complementary Slackness

The point
4 25
X = (X15X25X37X43X5) — (O) 57 ga 550)
must be feasible for the LP
Plugging into the constraints we get
0 + 3(3) + 5(3) — 2(3) + 20) = 4
40) + 23 - 23 + 3 + (0 = 3
2000 + 4(3) + 43) — 2(3) + 50) < 5
300 + () + 23 - (3 - 20 = 1L

Can we use this information to construct a solution to the dual
problem, (y1, y2, y3,ya)?
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Testing Optimality via Complementary Slackness

Recall that
if Z};l ajjxj < b, then y; =0, for i =1,...

We have just showed that
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Testing Optimality via Complementary Slackness

Recall that
if Z};l ajjxj < b, then y; =0, for i =1,...

We have just showed that
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Testing Optimality via Complementary Slackness

Recall that
ifzj’f:la,-jxj < b, then y; =0,fori=1,...,m.

We have just showed that

0) + 3(3) + 5(3) — 2(3) + 20) = 4 :n
) + 23 - 25 + () + O =3 iy
2000 + 4(3) + 4(3) - 2(3) + 5(0) < 5 :y3=0
300 + () + 23 - () — 200 =1 :p
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Testing Optimality via Complementary Slackness

Also recall that
if 0 < x;j, then Y°1"; ajiyi =c¢j, for j=1,...,n.

Hence,

3yi + 2y + 4y3 + ya = 6 (x0 =
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Testing Optimality via Complementary Slackness

Also recall that

if 0 < x;j, then Y°1"; ajiyi =c¢j, for j=1,...,n.

Hence,
331 + 2 + 4z + oy = 6 (e=35>0)
51 — 2y + 4ys + 2m = 5 (3=3%>0)
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Testing Optimality via Complementary Slackness

Also recall that

if 0 < x;j, then Y°1"; ajiyi =c¢j, for j=1,...,n.

Hence,
3y1 + 200 + 43 + yu = 6 (x=3>0)
51 — 2y + 4ys + 2m = 5 (3=3%>0)
21 4+ y2 — 213 — ya = -2 (xa=3>0)

34



Testing Optimality via Complementary Slackness

Combining these observations gives the system

3 2 4 1] /n 6
5 -2 4 2| |yw| |5
2 1 -2 —1| |yl [|-2
0 0 1 0] \y 0

which any dual solution must satisfy.

This is a square system that we can try to solve for y.
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Testing Optimality via Complementary Slackness

3 2 4 1|6 1 3 0 0] 4 n+rs
5 -2 4 2|5 1 0 0 01 r+2r3
2 1 -2 -1|-2 -2 1 0 -1]-2
0 0 1 0 0 01 0/O
3 2 0 116 rn—4n 0O 3 0 013 n—nm
5 -2 0 5 ry —4ry 1 0 0 01
2 1 0 -1]-2 r3+ 2 0 1 0 -1|0 r3+2r
0 0 1 0]0O0 0 01 0fO
1 3 0 0 4 n—+n 1 0 0 O 1 )

0 0 0|1 m+23 0 1 0 0|1 3n
-2 1 0 -1]-2 0 01 0O ra
0 0 1 0/0 0 00 1|1 -m+in
This gives the solution (y1, y2, y3,ya) = (1,1,0,1).

Is this dual feasible?
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Testing Optimality via Complementary Slackness

y =1, y2,¥3,y4) = (1,1,0,1)

minimize 4yy
subject to i
3n

5y1

=25

2y1

3y2
4y>
2y,
2y,
2
2

+ o+ + +

+

0<y1,y2,¥3, va

5y3
2y3
4y3
4y3
2y3
5y3

+
+
_|_
+

Ya
3y4
Ya
2ys
Nz
2y,

VIV IV IV IV

Clearly, 0 < y and by construction the 2nd, 3rd, and 4th of the linear

inequality constraints are satisfied with equality.

We need to check the first and inequalities.

First: 1+4+0+3=8>7

Fifth: 2+4+140—2 =1 % 3, the fifth dual inequality is violated.

Hence, x = (0, %, 2, 2,0) cannot be optimal!
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Example: Testing Optimality via Complementary Slackness

Does the point x = (1,1, 1,0) solve the following LP?

maximize 4x; + 2xp + 2x3 + 4xy
subjectto x3 4+ 3x + 2x3 + xg < 7
x1 + x + x3 + 2x < 3
2x1 + x3 + x4 < 3
X1 + X + 2x4 < 2

0 < x1,x2, X3, Xg.
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