Thuiat toan don hinh - Tinh ding dan

Hoang Nam Diing

Khoa Toén - Co - Tin hoc, Dai hoc Khoa hoc Tu nhién, Dai hoc Quéc gia Ha Noi



Bai toan

Xét bai toadn quy hoach tuyén tinh & dang chinh tic
T

max c¢'x
st. Ax=0b
x> 0.

véi A € R™*" va rank(A) = m.



Nhic lai - bang don hinh

B 13 tap chi s6 cac bién co s6, N 1a tip chi s6 cac bién ngoai co sd.
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Nhic lai - bang don hinh

B 13 tap chi sb cac bién co s&, N 13 tap chi sb cic bién ngoai co sé

As An|b
% |0

Dua ma trin Ag vé& ma tran don vi
-1 —1
I Ag Ay | Ag'b

T T
cg cy 0

Luu y: D€ B 1a 1 co s chip nhan dugc thi Ag'b > 0
Biéu dién ham muc tiéu qua cac bién ngoai co s8, hay dua cg vé 0
I Ag'An | Aglb

o ¢’ z

A

Dé [am viéc d6 ta nhan héng diéu kién i v6i —cg roi cdng vao

N N ‘A T 1
hang ham muc tidu, tic 1a ¢7 = ¢, — cf Az An.



Reduced cost

el =¢f - cBTAglAN.

¢ dugc goi la reduced cost va 3 tiéu chuan dé kiém tra tinh tbi uu
cla nghiém co sé chip nhan duoc hién tai, ki hiéu x.
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Reduced cost

el =¢f - cBTAglAN.

¢ dugc goi la reduced cost va 3 tiéu chuan dé kiém tra tinh tbi uu
cla nghiém co sé chip nhan duoc hién tai, ki hiéu x. Nghiém dé
dugc tinh theo cbng thic

X = Ag'b, xy =0

véi giad tri ham muc tiéu
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Diéu kién tbi vu

V6i nghiém chip nhan dugc y bt ki ta cé
b= Ay = Agys + Anyn-
Suy ra
yg = Ag'b — AgtAnyn.
Do dé ta c6
c"y=chys+chyn
= cg (Ag'b— AZ'Anyn) + cyyn
= c;—Aglb + (c,z,— — c;—AglAN)yN

= CT)_<+ ETyN.



Diéu kién tbi vu

V6i nghiém chip nhan dugc y bt ki ta cé
b= Ay = Agys + Anyn-
Suy ra
yg = Ag'b — AgtAnyn.
Do dé ta c6
cTy=chys+cuyn
= cg (Ag'b— AZ'Anyn) + cyyn
= cE A b+ (e — A AZT ANy
=c'x+eyn.
Néu ¢ < 0 thi vi yy > 0 nén ta c6
cTy < CT>'<,

tic 13 X 13 nghiém t&i vu. Nhu vay tiéu chuan diung la ddng.



Céc budc cua thuat toan don hinh (phién ban co sd)

Pha 1 (xult phat):
» Xac dinh mét co sé chip nhan dugc B dé& xult phét hay
chdng minh bai todn v nghiém.
» Né&u bai toén c6 nghiém chip nhan dugc tinh

A -1 =T T _ _Tp-1
A=Az An,C =cy — cgAg An.



Céc budc cua thuat toan don hinh (phién ban co sd)

Pha 1 (xult phat):
» Xac dinh mét co sé chip nhan dugc B dé& xult phét hay
chdng minh bai todn v nghiém.
» Né&u bai toén c6 nghiém chip nhan dugc tinh
A=A AN, €T = cf — LA An.

Chiing ta s& quay tré lai pha 1 trong phan thuat toin don hinh hai
pha sau.



Céc budc cua thuat toan don hinh (phién ban co sd)

Pha 2 (t6i uu héa):
1: if € <0 then
Nghiém (ng véi co s6 hién tai la tbi uu, return.
else
Chon mét bién ngoai co s6 xj c6 hé s6 ¢ > 0.
if /Z\.j < 0 then
Bai todn khong bi chan, return.

(g

else

O N @ T s Db

Xét cac dong c6 A > 0 va ti sb 2.
ij
Chon mét dong k c6 ti s6 nhd nhat.

©
>

10: Tién hanh phép xoay, cap nhat co sé, A, b va C.
11: Quay lai buéc 1.



Tinh ding dan cha thuat toan

Dinh Iy

Néu t4t c3 cdc co sé khéng suy bién va bai todn cé nghiém chip
nhdn dugc thi phién ban co sé ciia thudt todn don hinh hoat déng
diing, tifc 13 sau hiiu han budc hodc sé tim dugc nghiém t6i uu
hodc két luin ring bai todn khéng bi chin.
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diing, tifc 13 sau hiiu han budc hodc sé tim dugc nghiém t6i uu
hodc két luin ring bai todn khéng bi chin.

Chidng minh.

Ta d3 thiy tiéu chuin dirng cho nghiém ti uu 13 ding. Trudng hop két
lun khéng bi chin ciing d& thiy. Nhu vy chi can phai ching minh mdi
budc ta déu nhan dugc 1 BFS va thuit toan dirng sau hitu han buéc.

D& chiing minh diém thit 2 ta s& chiing minh gi4 tri hAm muc tiéu s&
khéng gidam, dic biét trong trudng hop co s& khéng suy bién thi ham
muc tiéu sé tang. Do dé cac co s6 tim dudgc sé khong 1dp lai va do sb co
sG la hitu han thuit toan sé dirng lai sau hitu han buéc.




Tinh ding dan cha thuat toan

D& don gian ta s& théng nhit mét s ki hiéu sau.

» {1,2,..., m} ki hiéu cdc chi sb dong clia A.

» Trong mdi budc cha thut todn cac chi sb cdt dugc chia
thanh 2 loai, co s6 B = {p1, p2, ..., Pm} va ngoai co sé
N ={q1,92,...,Gn_m}. Luu y ring trong bang don hinh vi
tri (i, pj) c6 gia tri 0j;.



p3=1

—6

Vi du vé ki hiéu

0 1/2 -1

1

1




Tinh ding dan cha thuat toan

Gia st ta ¢6 co s& chip nhan dugc B véi nghiém x. Budc tiép theo ta
nhan dugc co s& B’ véi nghiém x’. B’ nhan dugc tir B véi bién chi sb s
thay cho bién p,. Ta can chitng minh B’ ciing 13 1 co s& chip nhan duoc

vacTx<cTx.
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Tinh ding dan cha thuat toan
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Ki hieu A= Ag'Ay, b= Ag'b, 7 = ¢ — cf Az An.
Vi B 13 1 co s& chip nhan duoc nén b > 0.
Do cach xay dung, hién nhién Ax’ = b, ta chi cin chiing minh x’ > 0.

Tur gid thiét r 13 dong 6 ti sb khdng am bé nhit. Ta ¢

X, = [_)r >0
ArS
_ T Q 4. T
X\ = b; — A [_)r > [_)' Az, el 7 r,/_\,s -0 >0
pi Ars b; néu i # r,As <0

va x! = 0 véi cdc chi so con lai (ngoai co s8).
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Tinh ding dan cha thuat toan

Theo (1) ta cé

T

"X =c"x+c"xy=c"x+exl>c"x

11



Tinh ding dan cha thuat toan

Theo (1) ta cé

"X =c"x+c"xy=c"x+exl>c"x

Néu co s& B’ khong suy bién thi x! > 0 va do dé c"x’' > ¢ x.

11



Tinh ding dan cha thuat toan

Theo (1) ta cé

"X =c"x+c"xy=c"x+exl>c"x

Néu co s& B’ khong suy bién thi x! > 0 va do dé c"x’' > ¢ x.
Nhu vay ta d3 chitng minh dugc tinh ding din cla thuat toan trong

trudng hop tht ci cic co s& déu khdng suy bién. Trudng hop téng quét
thi sao?

11



Cac vin dé cé thé gip phai véi thuat toan don hinh

Khdi tao: Ta cin 1 BFS dé xubt phat. Lam sao c6 thé tim né?
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Cac vin dé cé thé gip phai véi thuat toan don hinh

Khdi tao: Ta cin 1 BFS dé xubt phat. Lam sao c6 thé tim né?

Vong lap: Ta ludn chon 1 bién vao co s6 va mét bién ri co s6

trong moi vong |3p.

Cé thé x3dy ra trudng hgp cé nhiéu su lua chon hay khéng ¢ su
luya chon nao khong?

N&u c6 nhiéu su Iua chon thi nén 1am thé nao?

K&t thic: Thuit toan c6 dimg sau hitu han budc khéng?
Né cé dirng khi c6 nghiém?

N6 c6 ditng khi vin dé khong bi chin?

Cé thé xay ra trudng hop thuat toan xoay mii khéng dirng? "



Choosing the Entering Variable

Assume we are given a feasible dictionary:
Xp; = b,'—ZA,'ij pi € B
JjeN

z=2+) G

(Dg)

where b; > 0.
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Choosing the Entering Variable

Assume we are given a feasible dictionary:

XpiI[_),'—Z/Z\,'ij pi € B
JjeN

(Ds)
z=2+) G
where b; > 0.

Entering Variable:

A nonbasic variable xj;, jo € N can enter the basis if ¢, > 0.

There may be many such nonbasic variables, but all of them have
the potential to increase the value of the objective variable z.

13



Choosing the Leaving Variable

Xpi:Ei—ZA,’ij pi € B
JjeN

z=2+) G

JEN
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Choosing the Leaving Variable

Xp; = BI_ZAUXJ pi € B
JEN
z=2+) &
JEN
Suppose xj;, jo € N is the entering variable.

The leaving variable is that basic variable whose non-negativity
places the greatest restriction on increasing the value of the
entering variable x;;.

The leaving variable attains the minimum value among the ratios

b: _

— for Ajp >0 ie{l,...,m}.
ijo

If Xpj, is the leaving variable, then

b;, . { b . = }
— =min< — :ie€{l,...,m}, Aj, > 0.
Afojo Aijo UO 1




Hazards in Choosing the Leaving Variable

Two potential problems:

(i) Thereisno i € {1,...,m} for which 'Z\ijo > 0.

(i) There is more than one iy € {1,..., m} for which
Di :min{ bi cie{l,...,m}, Aj >0}.
Aiojo Ajjo

If (i) occurs, then we can increase the value of the entering
variable x;;, as much as we want without violating feasibility.

That is, we can increase the value of z as much as we want.

Hence the LP is unbounded. 1>



Unbounded LPs

Fact: If there exists jo € N in the dictionary Dg for which ¢;; >0
and A;;,; <0 forall i € {1,..., m}, then the LP

max c¢!x
st. Ax=b
x>0

is unbounded, i.e., the optimal value is +o0.

16



Unbounded LPs

max X1 + X
s.t. 3x1 + X
4x; + 3xo

X1, X2,x3 > 0

X3
2X3

IN A

17



Unbounded LPs

max X1 + x + X3
s.t. 3x1 + X — 2x3 < b
4X1 + 3X2 < 7

X1, X2,x3 > 0
31 -2 1 015

43 0 0 17
11100\0

17



Hazards in Choosing the Leaving Variable

XPi:Ei_Z’Z\UXj pi € B
JEN

z=2+) §x

JEN
Two potential problems:
(i) Thereis no i € {1,...,m} for which A, > 0.

(i) There is more than one iy € {1,..., m} for which
b:

A ijo
(ii) is VERY BAD for the simplex algorithm!

iojo

We show why by example.

i . Ei . -
—— :mln{/_\ :/6{1,...,m},A,-jo>O}.

18



Example

maximize 2x; — Xx» + 8x3
subjectto 2x3 — 4xp + 6x3
—x1 + 3x0 4+ 4x3
2X3

0 < x1,%2,X3
2 -4 6 1 0 0]3
-1 3 4 0 1 02
0 0 @ 00 1|1
2 -1 8 0 0 0]O0

VAN VANVAN
N

Note that any one
of these rows
could serve as the
pivot row!
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Example

x =
z=20
X =
z=4

NR O O

2 -4 6 1 0 O 3 Note that any one
of these rows
-1 3 4 0 1 0 2 could serve as the
0 0 @ 0 0 1 1 pivot row!
2 -1 8 0 0 O 0
@ -4 0 1 0 -3 0 Note that by
1 3 0 0 1 -2 0 pivoting on this
1 1 tableau we do not
0 0 1 0 0 5 5 change the
2 -1 0 0 0 —4 | —4 objective value
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Example

X =
z=4
X =
z=4

Nk O O

NR O O

@ —4 0 1 0 -3 0 Note that by
pivoting on this

-1 3 0 0 I -2 0 tableau we do not
0 o 1 o o 1 1 change the
5 ) 0 0 24 24 objective value
1 2 0 3 0 F|o0

1 _ Note that we have
0 @ 0 2 1 77 0 not changed the
o o 1 o0 o 3|42 point identified by
0 3 0 -1 0 —-11|-4 this tableau
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Example

X =
z=4
X =
z=4

N O O

Nk O O

Note that we have

1 -3
L 20 2 0 2 0 not changed the
0 @ 0 % 1 _77 0 point identified by
0O 0 1 o0 0 % % this tableau
0 3 0 -1 0 —1]|-4

3 —17
1 0 0 3 2 |0
010 3 1 F |0

1 Again no change.

0 0 1 0 0 5

=5 19
0 0 0 2 -3 B[4
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Example

Again no change
Finally, we break
out to optimality

© o -l Nle~ien —

23
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Degeneracy (suy bién)

1. If on a given pivot, there is more than one choice of variable
to leave the basis, then the subsequent tableau will set one or
more of the basic variables equal to zero in the associated
basic feasible solution.

A dictionary in which one or more of the basic variables is set
to zero in the associated basic feasible solution is called a
“degenerate dictionary”.

Correspondingly, a tableau in which one or more of the basic
variables is set to zero in the associated basic feasible solution
is called a "degenerate tableau”.

2. It is possible that a pivot on a degenerate dictionary (or
tableau) does not change the associated basic feasible solution
and the value of the objective variable z.

Such a pivot is called a "degenerate pivot”.



Degeneracy

Observation (2) is particularly troublesome since it opens the door
to the possibility of an infinite sequence of degenerate pivots never
terminating with optimality.

Unfortunately, this can occur leading to the failure of the method.

Our goal is to understand how such a pathological situation can
occur and then to devise methods to overcome the problem.

25



Pivoting rule

Assume the algorithm is operating with iron clad pivoting rules.

That is, a non-optimal feasible dictionary has a unique pivot.

Xpi:B;—Z/_\,’ij pi € B
JjeN

z=24+) &

JEN

26



An example of pivoting rule

Largest-Coefficient Smallest (Largest)-Subscript Rule

» Choice of Entering Variable: Among all those variables x; with
J € N such that ¢ = max{¢ : k € N} > 0 choose xj, so that
Jo is largest.

» Choice of Leaving Variable: Among all those basic variables
xp; with i € {1,..., m} such that

b _ by ~
A = min {Akjo cked{l,...,m}, Ay, > 0}
choose X, so that pj, is smallest (largest, respectively).
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How Many Possible Bases?

How many possible ways are there to choose a set of basic indices?

Since every basis must contain m variables and there are only
n + m variables altogether, the total number of possible sets of
basic indices equals the number of possible ways to choose m
distinct elements from a collection of n 4+ m objects.

m m!n!

<n+m> :M'
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Cycling

infinite pivot sequence = infinite dictionary sequence.

At least one dictionary, say Dj, has a basis B appearing twice.
Suppose B is also the basis for Dp 1.

Let

. D17' "7DN7 DN+17DN+27DN+37' c

be the sequence of pivots where D; and Dy41 have the same basis.

If each basis is associated with a unique dictionary, then
Dy = Dp41. But then,

D> = Dny2, D3 = Dny3, ..., D1 = Doy, Do = Dopyo, . .

That is, the same sequence of dictionaries appear over and over

again. If this occurs we say that the sequence of dictionaries cycles.
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Cycling - example

max %xl 18xo X3 — X
s.t. %xl —  84x 12x3 + 8xy
%Xl — 5xo %X3 + %X4
X1
X1, X2, X3, X4 2 0
2 -8 -12 8 1 0 00
1 2 1
s -5 -3 3 01 0)0
1 0 0 0 0 0 1/1
: -18 -1 -1 0 0 0|0

INIA A



Cycling - example

0
0
1

O = O

ANjn O

—12

—84

e_l:b B

0

—18

< |LO)|
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Cycling - example
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_
I
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_ o]
AN AN O [ o a0 N
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_ _
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(o] | — NT NT
_ _ |
< |LO)| — O O | O

e.l:b B
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Cycling - example
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Cycling - example
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Cycling - example

105 010
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15
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1
0

1
0
0
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Cycling - example
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Cycling - example
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The Basis-Dictionary Correspondence

Fact:

The simplex algorithm fails to terminate if and only if it cycles.
The simplex algorithms can only cycle between degenerate
dictionaries (or tableaus) with each dictionary (or tableau) in the
cycle being associated with the same basic feasible solution and

objective value.
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Degeneracy and Cycling

We have established that the simplex algorithm can only fail to
terminate if it cycles, and that it can only cycle in the presence of
degeneracy. In order to assure that the simplex algorithm
successfully terminates we need to develop a pivoting rule that
avoids cycling.

There are many anti-cycling pivoting rules. We present the smallest
subscript rule, also known as Bland's Rule.
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Bland’s Rule

X;:E;—ZAUXJ' ieB
JEN

zZ=zZ+ E Eij

JEN

(Dg)

Choice of entering variable: x;, for jo € N is the entering variable
if ¢, > 0 and jo < j whenever ¢; > 0.

Choice of leaving variable: x,_ for ig € {1,...,m} (x, € B)is
the leaving variable if

B,‘ Bi A
_0 :min{- :ie{l,...,m},Aij0>0}
Aiojo AUO

and _ _
pi, < pi whenever By _ bi ie{l m}
io > Pi = - = D) :
Ao Aijo
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Bland’s Rule

Theorem (R.G. Bland (1977))

The simplex algorithm terminates as long as the choice of variable
to enter or leave the basis is made according to the smallest
subscript rule.

We abbreviate the Bland’s rule to SSR (smallest subscript rule).
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Initialization

We have shown that if we are given a feasible dictionary (tableau)
for an LP, then the simplex algorithm will terminate finitely if it is
employed with a anti-cycling rule.

The anti-cycling rule need only be applied on degenerate pivots,
since cycling can only occur in the presence of degeneracy.

The simplex algorithm will terminate in one of two ways:

» The LP is determined to be unbounded.
» An optimal BFS is found.

We now address the question of how to determine an initial
feasible dictionary (tableau).
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The Auxiliary Problem

We want to solve the following LP (LP dang chuin tic)

(P) max c’x

st. Ax<b, x>0

b # 0, i.e., b has negative components. The case b > 0 is easy.
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(P) max c’x

st. Ax<b, x>0
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Consider an auxiliary LP of the form

(Q) min xp
st. Ax—x1 < b, xp,x>0.

where 1 € R™ is the vector of all ones.
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The Auxiliary Problem

We want to solve the following LP (LP dang chuin tic)
(P) max c'x
st. Ax<b, x>0
b # 0, i.e., b has negative components. The case b > 0 is easy.

Consider an auxiliary LP of the form
(Q) min xp
st. Ax—x1 < b, xp,x>0.
where 1 € R™ is the vector of all ones.
The it" row of the system of inequalities Ax — xgl < b is
ajixy + ajpxo + -+ 4+ ainxn — xo0 < bj.

In block matrix form we write

-1 A (f) <b. )



The Auxiliary Problem

(Q) min xp
st. Ax—x0l1 < b, xg,x>0.

We will show that we can easily construct a BFS of (Q), i.e., it is
feasible.
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We will show that we can easily construct a BFS of (Q), i.e., it is

feasible. (Q) is bounded below by 0. Hence it has optimal solutions.

If the optimal value in the auxiliary problem is 0, then at the
optimal solution Xy, X we have Xy = 0.
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The Auxiliary Problem

(Q) min xp
st. Ax—x0l1 < b, xg,x>0.

We will show that we can easily construct a BFS of (Q), i.e., it is

feasible. (Q) is bounded below by 0. Hence it has optimal solutions.

If the optimal value in the auxiliary problem is 0, then at the
optimal solution Xy, X we have Xy = 0.

Plugging into Ax — xg1 < b, we get AX < b, i.e. X is feasible for
(P).

On the other hand, if X is feasible for (P), then (%o, X) with Xp =0
is feasible for (Q), so (Xo, X) is optimal for (Q).
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The Auxiliary Problem

(P) maximize c¢'x (Q) minimize Xxp
subject to Ax < b subject to Ax — xgl < b,
x>0 X0, x > 0.

> (P) is feasible < the optimal value in (Q) is zero.

» (P) is infeasible < the optimal value in (Q) is positive.
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Two Phase Simplex Algorithm

The auxiliary problem (Q) is also called the Phase | problem since
solving it is the first phase of a two phase process of solving
general LPs.

In Phase | we solve the auxiliary problem to obtain an initial
feasible tableau for (P), and in Phase Il we solve the original LP
starting with the feasible tableau provided in Phase I.
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Initializing the Auxiliary Problem

(Q) minimize xp
subject to Ax —xgl < b, 0 < xg, x.

Problem: Since b # 0, the initial dictionary for (Q) is infeasible!
Solution: Set xg = —min{b1,...,bm} > 0, then b+ xp1 > 0 since
min{bi+xo:i=1,...,my=min{bj:i=1,...,m}+x =0.
Hence, xo = —min{b1,...,bm} and x = 0 is feasible for (Q).
It also a BFS for (Q).
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Initializing the Auxiliary Problem

(Q) minimize xp
subject to Ax —xgl < b, 0 < xg, x.

The initial dictionary for (Q) is
n
Xn+i:bi+XO—Zainj, i=1...,m
j=1
Z = —X0-

With b 2 0, the initial dictionary is infeasible and we need to bring
Xp into the basis.
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Initializing the Auxiliary Problem

With b 2 0, let iy be the index of the smallest b;, i.e.,
bi, =min{b; :i=1,...,m} <O.
Pivot on this row bringing xg into the basis yielding
n
o= —by+xovs + 3 3

j=1
n

Xn+i = b,‘ — b,‘0 + Xn4ip — E (a,-j — a,'o_,')XJ', 1'7é i()
j=1

n
z = biy = Xntip = Y 3pjX-
j=1

This dictionary is feasible for (Q).
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Initializing the Auxiliary Problem: Example

max
s.t.

max —xg
s.t. —Xo
—Xo
—Xo

X1 — X2
2X1 — X2
2x1 —  3x0

—X1 + X2

0<x1,x,x3 .

+ 2x1 —
+ 2x1 —
- X1 +
0 < x1,x2, X3.

X2
3xo

X2

X3
2X3
X3

2X3

VAN VANVAY

X3

2x3

IA A IA
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Example

max
s.t.

%
%
%
%

+ 2X1 —
+ 2xq —

0 < x1,x2, x3.

X2
3X2
X2

—+

2X3
X3
2X3

oo O

oo = O

IN AN

47



First Pivot

Bang don hinh chtta cd ham muc tiéu cha bai todn gbc.

X0

-1 2 -1 2 1 0 0 4

-1 2 -3 1 0 1 0| -5

-1 -1 1 -2 0 0 1] -1
z 0 1 -1 1 0 0 0 0
w -1 0 0 0 0 0 O 0




First Pivot

Bang don hinh chtta cd ham muc tiéu cha bai todn gbc.

X0

-1 2 -1 21 0 0| 4

() 2 -3 10 1 0|-5

-1 -1 1 -2 0 0 1]|-1
z 0 1 -1 10 00| 0
w -1 0 0 00 00| 0

most negative
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First Pivot

Bang don hinh chtta cd ham muc tiéu cha bai todn gbc.

X0
-1 2 -1 2 1 0 0 4
@ 2 -3 1 0 1 0| —5 most negative
-1 -1 1 -2 0 0 1|-1
z 0 1 -1 10 0 0 0
w -1 0 0 0 0 0 O 0
1 -2 3 -1 0 -1 0 5
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First Pivot

an goc.

7

Bang don hinh chira cd ham muc tiéu cla bai to

—5 most negative

X0
-1

@

-1

1 0

0

-1

-1

-1
-1

-1

4 -3 0

-3
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First Pivot

an goc.

7

Bang don hinh chira cd ham muc tiéu cla bai to

—5 most negative

X0
-1

@

-1

1 0

0

-1

-1

-1
-1

-1

3 @ -3 0

0
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Second Pivot

3 -1 0 -1 O
-3 0 -1

-2

-3 &

0
0
w 0

-1

z

-1 0

-1 0

3

-2
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Second Pivot
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Second Pivot
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Third Pivot
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Third Pivot
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Third Pivot
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Auxiliary Problem Solution

o
- o
w 2
S ©
0 o
= 2
O v
o 8,5H753,50
— 3,51,58%0
(.
o 1,52,54%_0
oy
- O OO O
o = OO O
o O 4O O
— 1,53,547%_0
_
AN <o mwof—Hw
_ [
N2
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Auxiliary Problem Solution

B o =S
— o @©
o = 2 K9]
£ B g o
w s @ 8
o 8,5Hi53,5 o
— 3,51,58% o
I
o 1,52,54%_ o
oy
— O OO O
o = O | O
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_
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Auxiliary Problem Solution
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I I
o 1,52,54% o 1,52,54% o
oy by
— O OO O o O |o | o
o = O | O — O |0 | O
o O +H|O O o —H|O|Oo
— 1,53,5470 o ™Mo o
« <|9
_ o | (TS
AN <o ool SO OO o
_ [ [
N2 N2

51



Phase Il
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Phase Il
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Phase Il: Solution

0

o O

MO —H 0O

- O

[l

<o AN O

[Sell¥el

Lll¥o}
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Phase Il: Solution

1 00 1 0 1| 3
4 3 1 17
S Lo I 5ol &
210 ! 00 u4
1 2 1 3
-5 00 —§ —5 0]—3

Optimal solutions is

53



Phase Il: Solution

1 0 0 1 0 1 3
to1 3 1ol¥
-2 10 ¢ o000 #
SECICEE BSOS
Optimal solutions is
X1 0
x| =128
X3 3.4
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Phase Il: Solution

1 0 0 1 0 1 3
to1 3 1ol¥
-2 10 ¢ o000 #
SECICEE BSOS
Optimal solutions is
X1 0
x| =128
X3 3.4

with optimal value z = 0.6.
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Example: Two Phase Simplex Algorithm

Use the two phase simplex method to solve the following LP:

maximize  3xi + X

subject to X1 - x < -1
—X1 — X2 S -3
21+ xx <4

0 < X1, X2

Hint: A complete solution is possible in 3 pivots.
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Khdi tao cho LP dang chinh tic

Néu ta mubn gidi LP dang

max c¢!x
st. Ax=
x>0

thi sao?
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Khdi tao cho LP dang chinh tic

Néu ta mubn gidi LP dang

max c¢!x
st. Ax=0b
x > 0.

thi sao? Céch tha nhit 13 viét bai toan lai dudi dang sau rdi gii

nhu trén
max c'x
st. Ax<b
—-Ax < —b
x > 0.

Tuy nhién cach ndy chiing ta ting gip doi s6 diéu kién va bién bu.

Céch khac 13 chiing ta xdy dung mét bai toan phu truc tiép cho
LP dang chinh tic dé tim BFS xut phat.
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Khdi tao cho LP dang chinh tic
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Khdi tao cho LP dang chinh tic
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dong c6 hé sb am véi -1.

Ta xét LP phu trg

max 17 Ax
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x =0va y = b la BFS cta LP nay.
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Khdi tao cho LP dang chinh tic

Khéng mét tinh téng quét giad st b > 0. Néu khéng ta nhan cac
dong c6 hé sb am véi -1.

Ta xét LP phu trg

max 17 Ax
st. Ax+y=b>b
x,y > 0.

x =0vay = bla BFS clia LP nay.
D2 thiy ring bai toan gbc c6 nghiém chip nhan dugc khi va chi
khi bai toin phu tro cé gia tri téi uu bing 17 b va nghiém tbi uu
théa man y = 0.
Ly do: V6i Ax+y = bva y > 0 thi

17Ax=1"p-1Ty < 17p.

Bai toan phu trg c6 nghiém CND va bi chan nén c6 nghiém tbi uu.
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Khdi tao cho LP dang chinh tic

Trong trudng hop bai toan phu tro ¢ gia tri tdi vu bing 17 b va
nghiém t&i wu théda man y = 0.
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nghiém t6i vu théa man y = 0. Ta vin con can tim mdt co s6 xult
phat.

Bai to4n phu két thiic véi mdt co sé B.

» TH1: Néu co s nay khéng chira bién thém vao thi dé ciing
chinh 13 mdt co s& cho bai toan gbc.

» TH2: Ngugc lai, cé mét sb bién vy nim trong co sé. Day chinh
13 trudng hop co s6 suy bién.

Vi trudng hop 2, ta phai day cic bién nhan tao ra khéi co s6.
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D4y céc bién nhan tao ra khéi co sé

Gia st c6 bién co s3 13 bién thém vao. Xét mot bién nhu vay. Goi /
3 chi s6 hang tting véi bién co s& nay (hang c6 sb 1 trong cot don
vi tng véi bién). Xét hé sb dong thi / trong bang don hinh tng vdi

céc bién goc x (bd qua hé s6 cla bién y).
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D4y céc bién nhan tao ra khéi co sé

Gia st c6 bién co s3 13 bién thém vao. Xét mot bién nhu vay. Goi /
3 chi s6 hang tting véi bién co s& nay (hang c6 sb 1 trong cot don
vi tng véi bién). Xét hé sb dong thi / trong bang don hinh tng vdi
cac bién gbc x (bd qua hé sb clia bién y).
Cé 2 trusng hop
» TH1 - Céc hé sb bing 0: diéu kién thit / (trong Ax = b) phu
thubc tuyén tinh vio cic didu kién khac va ta c6 thé bd né di.

58



D4y céc bién nhan tao ra khéi co sé

Gia st c6 bién co s3 13 bién thém vao. Xét mot bién nhu vay. Goi /
3 chi s6 hang tting véi bién co s& nay (hang c6 sb 1 trong cot don
vi tng véi bién). Xét hé sb dong thi / trong bang don hinh tng vdi
cac bién gbc x (bd qua hé sb clia bién y).
Cé 2 trusng hop
» TH1 - Céc hé sb bing 0: diéu kién thit / (trong Ax = b) phu
thubc tuyén tinh vio cic didu kién khac va ta c6 thé bd né di.
> TH2 - C6 hé sb khac 0: dé 13 hé sb cia mét bién x; hién tai
ngoai co s6. Ta sé thuc hién phép xoay dua x; vao co sé thay
cho bién co s& dang xét (1 bién thém vao).
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D4y céc bién nhan tao ra khéi co sé

Gia st c6 bién co s3 13 bién thém vao. Xét mot bién nhu vay. Goi /
3 chi s6 hang tting véi bién co s& nay (hang c6 sb 1 trong cot don
vi tng véi bién). Xét hé sb dong thi / trong bang don hinh tng vdi
cac bién gbc x (bd qua hé sb clia bién y).
Cé 2 trusng hop
» TH1 - Céc hé sb bing 0: diéu kién thit / (trong Ax = b) phu
thubc tuyén tinh vio cic didu kién khac va ta c6 thé bd né di.
> TH2 - C6 hé sb khac 0: dé 13 hé sb cia mét bién x; hién tai
ngoai co s6. Ta sé thuc hién phép xoay dua x; vao co sé thay
cho bién co s& dang xét (1 bién thém vao).
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D4y céc bién nhan tao ra khéi co sé

Gia st c6 bién co s3 13 bién thém vao. Xét mot bién nhu vay. Goi /
3 chi s6 hang tting véi bién co s& nay (hang c6 sb 1 trong cot don
vi tng véi bién). Xét hé sb dong thi / trong bang don hinh tng vdi
cac bién gbc x (bd qua hé sb clia bién y).

Cé 2 trusng hop
» TH1 - Céc hé sb bing 0: diéu kién thit / (trong Ax = b) phu
thubc tuyén tinh vio cic didu kién khac va ta c6 thé bd né di.
> TH2 - C6 hé sb khac 0: dé 13 hé sb cia mét bién x; hién tai
ngoai co s6. Ta sé thuc hién phép xoay dua x; vao co sé thay
cho bién co s& dang xét (1 bién thém vao).
Theo quy trinh trén mdi budc hodc ta cé thé df;y mét bién nhan
tao ra ngoai cd s thay bing mét bién gbc, hodc ta cé thé bd di
ducc mdt diéu kién phu thudc tuyén tinh.
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D4y céc bién nhan tao ra khéi co sé

Gia st c6 bién co s3 13 bién thém vao. Xét mot bién nhu vay. Goi /
3 chi s6 hang tting véi bién co s& nay (hang c6 sb 1 trong cot don
vi tng véi bién). Xét hé sb dong thi / trong bang don hinh tng vdi

céc bién goc x (bd qua hé s6 cla bién y).

Cé 2 trusng hop
» TH1 - Céc hé sb bing 0: diéu kién thit / (trong Ax = b) phu
thubc tuyén tinh vio cic didu kién khac va ta c6 thé bd né di.
> TH2 - C6 hé sb khac 0: dé 13 hé sb cia mét bién x; hién tai
ngoai co s6. Ta sé thuc hién phép xoay dua x; vao co sé thay
cho bién co s& dang xét (1 bién thém vao).

Theo quy trinh trén mdi budc hodc ta cé thé df;y mét bién nhan
tao ra ngoai cd s thay bing mét bién gbc, hodc ta cé thé bd di
ducc mdt diéu kién phu thudc tuyén tinh.

Tinh ding din: Xem trang 112-113 sach cta Bertsimas.
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Vi du

mn x3 + X
st. x1 + 2x
X1 — 2xo

4x>

X3
3x3
6x3
Ox3
3x3 + Xy
X1,X2, X3, X4
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Vi du

mn x3 + x2 + x3

st. x1 + 2x + 3x3 = 3
Xy — 2x0 — 6x3 = -2
4x0 + 9x3 = 5

3x3 4+ x4 = 1

X1, X2,x3,x4 > 0

Diéu kién thit 2 c6 hé s6 4m, ta nhan ca 2 vé cta nd véi —1, dong

thdi ta chuyén bai todn min v& max

max —x3 — Xo — X3
s.t. x1 + 2x + 3x3 3
—x1 + 2x + 6x3 = 2

4xy + 9x3 5

3x3 + x4 = 1

X1,X2,X3,%X3 > 0



Vi du

D& tim BFS xuit phat ta xét bai todn phu

max 8x>
s.t. x1 + 2x
—x1 + 2x

4x

+

+ o+ +

21x3
3X3
6x3
9x3
3x3

+ x4
+ X5

+ X
+ X7
+ Xs
X1, X2, X3, X4, X5, X6, X7, X8

O = O NN W

Y
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Vi du

D& tim BFS xuit phat ta xét bai todn phu

max 8x, 4+ 2lx3 + xu
s.t. x1 + 2x + 3x3 +  xs
-x1 + 2x —+ 6x3 + X
4x, + 9x3 + X7
3x3 + x4 + xg

X1, X2, X3, X4, X5, X6, X7, X8

Béng don hinh

1 2 301 0 0 0]3

-1 2 6 0 0 1 0 0]2

0 4 9 0 0 01 0]5

0 0 31 0 0 0 1]1

z -1 -1 -1 0 0 0 0 O0]O
w 0 8 21 1.0 0 O O0]O

I
o N W

v ol
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Vi du

0

1
9 0 0 0 1

6 0 0

-1

4

1 0 0 O
-1 0 0 0 O

3

-1

-1

1 0 0 O

21
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Vi du

0

0 0 0 1

9

0
0

0 0 0 O

-1
21

-1

0 0 O

1
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Vi du

-1

61

0 0 0 1

9

0
0

-1 0 0 0 O
21 1

-1

0 0 O

0 0 0 1
1 0 0 O

9

-1 0 0 0 O
8 0 0 0 O

-1

—1




Vi du

-1

1

0 0 O

0 0 0 O
0 0 0 O

-1
18

-1

-1
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Vi du

-1

0 0 0 1
1 0 0 O
0 0 0 O
0 0 0 O

0 ®

-1

-1
18

-1
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Vi du

-1

i

— M~

62

1

0 0 O

0 @® 100 0
000 0
000 0

-1

-1
18

-1

0 0 -1
-2
-3

-1

2 0 -2 0 1 0
0

4

-1

1

-3 0 0

o N~

o O

o O

o O

| O

o O




Vi du

i

—en M~

0 0 -1

1
0
0

1 2 0 -1
-1 2 0 -2
4 0 -3

0

™)

= N~

: 0
8 0 -6 0 0 O

1
0

63



Vi du

i

—en M~

2 0 -1 1 0 0 -1

1
-1

4 0 -3 0

0

™)

= N~

: 0
8 0 -6 0 0 O

1
0
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Vi du

63

AN O AN —Am-m _/_ AN O AN M|~ _/_
— AN M AHm—HImm M~ — o o A,

[ _ _ _
o O +H O|O O O O +H OO0 o
O +H O Ol o .I__ —N n/__ O I A_..
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— AN M Ao O — o o Ao N

[ _ _ |
O O O +H|O O O O O H|O0 O
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Vi du

—mn N~

0

™ o M)

N

o O

o <t

o O

ajen AN

o O

o O

ol <t
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Vi du

—mn N~

™ o M

o o o

o - O O

o AN O
@

N

o O

o <t

o O

ajen AN

o O

o O

ol <t
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Vi du

—mn N~

— N O M)

64

™ o M

o o o -

o +H O O

o AN O
@

N

o O

=<t

o O

ajen AN

o O

o O

ol <t

—Nmtt O~ m

o o —H O

NIt O

—N =t = O

—NmIt O ™

_
o o o —
o - o o

— O O O




Vi du

— N O M

Mt O —Hlmn

o O +H O

Nt O

Nt O

Mt O —Hlmn

_
o oo -
o — o o

— O O O

7

Nghiém t6i uu c6 y = 0 nén bai toan gbc c6 nghiém CND.
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Vi du

i 1 1 1
RO I T O
010 -3 3 0 -3 2
0 0 O O -1 -1 1 0 0

1 1| 1
R B e

z 000 5 7 -20 5| %
w 000 0 -2 -2 0 —1]|-11

Nghiém t6i uu c6 y = 0 nén bai toan gbc c6 nghiém CND.

Céc hé sb cia bién x & dong 3 bing 0, do d6 day 13 diéu kién phu
thudc tuyén tinh va ta c6 thé loai bd.
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Vi du

1 1 1 1
RO S-S B B
010 -2 2 30 -3] 3
0 0 O o -1 -1 1 0 0

1 1] 1
LI S S N -

w 000 0 -2 -2 0 —1|-11

Nghiém t6i uu c6 y = 0 nén bai toan gbc c6 nghiém CND.

Céc hé sb cia bién x & dong 3 bing 0, do d6 day 13 diéu kién phu
thudc tuyén tinh va ta c6 thé loai bd.

B phan bang don hinh dng véi bién y va ham muc tiéu z ta tim
duoc bang don hinh véi co s6 CND xubt phat cho bai todn gbc
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Vi du

Ta c6 mét co s& CND xubt phat cho bai toin gbc

o~ o o
\

ol O O =
ol O = O
=
w"“wn—-mwmn—a
[
c“r—-w\r—\w\r—\ [y

Tu dé ta 4p dung tiép thuat todn don hinh dé giai bai toadn gbc.
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Tham khao thém

Chuong 3, D. Bertsimas, J. N. Tsitsiklis, and J. Tsitsiklis (1997),
Introduction to Linear Optimization, Athena Scientific.

Luu y: Trong sach tac gid gidi bai todn min do dé diéu kién tdi uu
ciing nhu cach chon bién xoay ciing khéc. 3 dé ta phai chon bién
c6 "reduced cost" 4m (thay vi duong nhu chiing ta xét bai toan

max).
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