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A matrix game is a two-person game defined as follows:

First, each player independently selects an action from a finite set
of choices. (The two sets of choices need not be the same).

Then both reveal to each other their choice.

If we let i and j denote the first and the second player’s choice
respectively, then the rules of the game stipulate that the first
player will pay the second player a;; dollars.

The array of possible payments/the game's rules: A = [a;j] is
known by both players before the game starts.

We will refer to the first player as the row player and the second
player as the column player.

Since the players has only a finite number of actions to choose, we
can enumerate actions of the first player as integers from 1 to m
and similarly, actions of the second player as integers from 1 to n.
Then, the above array is a m x n matrix: A= [a;] . ., we shall
call it the rule-matrix.
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Example 1: Paper - Scissors - Rock.
This is a two-person game in which on the count of three each
player declares either Paper, Scissors, or Rock.
If both players declare the same object, then the round is a draw.
Otherwise, the winner/loser is decided by the following:

- Paper loses to Scissors.

- Scissors loses to Rock.

- Rock loses to Paper.
Then, if we enumerate the actions of declaring Paper, Scissors,
Rock as 1,2, 3, respectively, then the payoff matrix is:

0 1 -1
-1 0 1
1 -1 0
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0 1 -1
-1 0 1
1 -1 0

With this game, neither player has a deterministic winning strategy.
Instead, they should randomize their choices in each round.

In fact, due to symmetry, we can guess that both players should
make each of the three choices with equal probability in each
round, and that this game is fair.

Example 2: Paper - Scissors - Rock*

0 1 -2
3 0 4
5 -6 0

How should each player play?
How can we determine the fairness of this game?
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Consider the row player. By a randomized strategy, we mean that,
at each round of the game, it appears (from the column player’s
viewpoint) that the row player is making their choices at random
according to some fixed probability distribution. Let y; denote the
probability that the row player selects action i. The vector y
composed of these probability satisfy: y >0 and 17y = 1.
Similarly, let x; denote the probability that the column player
selects action j. The vector x composed of these probability
satisfy: x >0 and 17x = 1.

With y and x as randomized strategy for the row and column
player respectively, we compute the expected result for each round
as follows. The set of possible outcomes is the set of pairs (i, ),
with i € {1,...,m}, j € {1, ..., n}, for outcome (i, ) the payoff is
ajj, and this outcome has probability of y;x;. Therefore, the
expected result is:

Zy,-a,-jxj = yTAx
i7.j
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2. Optimal strategies

Suppose we have a matrix game with the corresponding
rule-matrix A, and also that the column player uses strategy x.
Then the row player's best strategy is y* that achieves the
following minimum:

min y T Ax
(1) st 17y =1
y >0

We know that (1) has a basic optimal solution (simplex method).

Example 3: Take the rule-matrix A of Example 2 and assume
11 177 11 17

X = [3 3 3} . Then Ax = {—3 3 3] and so the best

choice for the row player is to select either i =1 or i = 3 or any

combination of the two. That is, a basic optimal solution is

y*=1[1 0 0]" (it is not unique).
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2. Optimal strategies

Since for any given x the row player will adopt y to achieve the
minimum in (1), it is natural that the column player should use a
strategy x* that attains the following maximum:
max min y' Ax
x oy
(2) st 17x=1
x>0
We can reformulate (2) as a linear programming problem. Indeed,
notice that: myin yTAx = min e Ax. Hence, we can rewrite (2)
1
as: max min; e Ax
st 1'x=1 and x>0
Here we let v be a new variable representing a lower bound on the
e,-TAx, then we turn the above problem into a linear program:

max v
(3) st vI-Ax<0
17x=1
x>0
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2. Optimal strategies

Now, by symmetry, the row player wants to use a strategy y* that
achieve the following minimum:
min max y ' Ax

y X
st 17y =1
y=>0
which similarly, can be reformulated as the following linear
program:
min u
(4) st ul —ATy >0
17y =1

y=0
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3. The Minimax Theorem

So far, we have reduced the task of finding optimal strategies x*
and y* for the two players to the solution of the linear programs
(3) and (4), which we know how to solve (e.g: simplex method).

Intuitively, we see that in a matrix game, the minimum expected
loss of the row player should equal the maximum expected gain of

the column player.

This is proved in the next theorem called The Minimax Theorem.

Theorem (The Minimax Theorem)

There exist vectors x* and y* for which

max y* T Ax = min y ' Ax*
x y
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3. The Minimax Theorem

Theorem (The Minimax Theorem)

There exist vectors x* and y* for which

max y* T Ax = min y ' Ax*
x y

Proof.
Consider linear programs (3),(4). We see that both has a basic
feasible solution, therefore, via simplex method, we can find basic
optimal solutions [x* v*]T and [y* u*]" for (3) and (4).
We also notice that (3) and (4) are dual to each other. Hence, due
to the Strong duality theorem, we have v* = u*.
Furthermore,

v* = min e,-TAx* = myin yTAx*;

1

T

ut = max e ATy* = max xTATy* = max y*T Ax.
J X X

Hence, we conclude the proof. [
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3. The Minimax Theorem

The common optimal value { = v* = u* of (3) and (4) is called

the value of the game.

From the Minimax Theorem, we see that the row player can
assure not losing more than £ dollars per round on average by
using strategy y*, and the column player can assure not winning
less than & dollars per round on average by using strategy x*.
In a way, the value £ can be consider as the fair-o-meter for the
matrix game. Obviously, when £ = 0, the matrix game is fair.

Example 2:(continued)
Here, the corresponding (3) is:

max v
s.t — Xo+2x34+v <0
3x1 —4x3+v <0
—bx1 + 6x +v<0
x1+ xo+ x3 =1

X1, Xx2,x3 > 0

Nguyen Huu Hoan

Optimal value:

16
§ = —qg5 = 015686275

Optimal strategy:
{40 36 26]T

102 102 102
From this, we can conclude
that this game is more
favorable for the row player.

*
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4. The Simplified Poker Game

Simplified poker involves two players, A and B, and a deck having
three cards 0,1 and 2.
At the start of a round, each player bet add $1 to the " piggy” and
is dealt one card from the deck.
A bidding session follows in which each player in turn, starting with
A, either bets and adds $1 to the piggy or passes. This session
ends when:

a bet is followed by a bet,

a pass is followed by a pass, or

a bet is followed by a pass.
In the first two cases, the winner of the round is decided by
comparing cards, and the piggy goes to the player with the higher
card. In the third case, bet followed by pass, the player who bet
wins the round.
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4. The Simplified Poker Game

We list the possbile scenarios as follow:

A passes, B passes: $1 to holder of higher card
A passes, B bets, A passes:  $1to B
A passes, B bets, A bets: $2 to holder of higher card
A bets, B passes: $1to A
A bets, B bets: $2 to holder of higher card

After being dealt a card, player A will have 3 lines:
0. Pass. If B bets, pass again.
1. Pass. If B bets, bet.
2. Bet.

and player B will have 4 lines:
0. Pass no matter what.
1. If A passes, pass, but if A bets, bet.
2. If A passes, bet, but if A bets, pass.
3. Bet no matter what.
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4. The Simplified Poker Game

A pure strategy is a statement of what line of betting a player
intends to follow for each possible card that the player is dealt.

We can denote them by (yo, y1,y2), where y; is the line that the
player will use when being dealt card ;.

Given a pure strategy for both players, one can compute the
expected payment per round from A to B. For example, A chooses
(2,0,1) and B chooses (2,1, 3), we analyze as follows:

A B betting session Ato B
0 1 A bets, B bets 2
0 2 A bets, B bets 2
1 0 A passes, B bets, A passes 1
1 2 A passes, B bets, A passes 1
2 0 A passes, B bets, A bets -2
2 1 A passes, B passes -1

Since the probability for each possibility is 1/6, we conclude that
the expected payment per round from A to B is 0.5 .
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4. The Simplified Poker Game

We will now code our way to find the fair-o-meter of this game,
and the optimal strategies for both players.

paymentMatrix = np.zeros((6, 12
paymentMatrix[e, np.
paymentMatrix[1, np.
paymentMatrix[2, np.
paymentMatrix[3, np.
paymentMatrix[4, np.
aymentMatrix[s, np.

:]
:]
:]
:]
1]
:]

cardDealt = [(@, 1), (8, 2), (1, @), (1, 2), (2, @), (2, 1)]

def linesChosen(x, y):
sturn 4*x + y

def betSessionResult(a, x, y):
eturn paymentMatrix[a, linesChosen(x, y)]

def expectedPayment(u, v):
result = @
for k in range(6}:
cards = cardDealt[k]
result += betSessionResult(k, u[cards[8]], v[cards[1]])
eturn result/6

expectedPaymentMatrix = np.zeros((27, 64))
for i in range(27):
for j in range(64):
u = Lnarize(i, 3, 3)
v = Lnarize(q, 3, 4)
expectedPaymentMatrix[i, j] = expectedPayment(u, v)
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Simplified Poker Game

» 1), 1Ib =98, ub =1, v
FINITY, ub = GRB.INFINITY,

dPaymentMatrix[i, j

Let Gurobi solve our linear program, we obtain:

Optimal value: 5/9;

Optimal strategy for player B: [(0,0,3), (0, 1,3),(2,0,3)].

[ 1/3 , 1/3 , 1/3 ]

We can described player B's optimal strategy as:
when holding 0, mix lines 0 and 2 in 2 : 1 proportion;
when holding 1, mix lines 0 and 1 in 2 : 1 proportion;
when holding 2, use line 3.
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Simplified Poker Game

, 1), 1b = 8, ub = 1, vty GRB. CONTIN
INFINITY, ub = GRB.INFINITY. = GRB.C

Optimal value: 5/9;
Optimal strategy for player A: [(0,0,1),(0,1,2),(2,1,1)].
[ 5/9 , 1/3 , 1/9 ]
We can described player A's optimal strategy as:
when holding 0, mix lines 0 and 2 in 8 : 1 proportion;
when holding 1, mix lines 0 and 1 in 5 : 4 proportion;
when holding 2, mix lines 1 and 2 in 2 : 1 proportion.
We also computed the fair-o-meter of this game: £ =5/9.

Hence, we conclude that this game is more favorable for player B.
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5. The Find-the-square Game

The game involves 2 sides with 3 players: side W consists of player
A, and side P consists of players B and C.

There is a board of size 1 x n and n identical two-side coins.

At the start of a round, A choose a square on the board and set n
coins on n squares, each square has a coin, Heads(H) or Tails(T)
as she wishes.

Then A let only B knows about the chosen square and the coins
status.

Then B has to turn only one coin from Hto T or T to H.

Then C has to find which square was chosen. If C finds it, B and
C wins. If C does not, A wins.

Questions:

1) Assume A choose the square and the coins status with the same
probability for all possible choices, what is the best probability for
B and C to win with a strategy?

2) What is the fair-o-meter of this game? What are the optimal
strategies for both sides?

Nguyen Huu Hoan Matrix games - Optimal Strategies 19/1



5. The Find-the-square Game

First, we will model this game:

We denote the n squares by 0,1,...,n— 1. A coin status is either
0(H) or 1(T). Hence, a status for n coins is denoted by a 1 x n
array of Os and 1s. For example: HHT « [0, 0, 1].

We describe a pure strategy for B and C as follows.

For the action of turn a coin status from H to T or from T to H of
player B, we consider the graph G(V/, E), where each vertex of V
is a status of n coins, and two vertices v; and v, are adjacent if
v1, vo differ from one another in only one position.

A pure strategy for B and C is the same as a way of coloring n
colors {0,1,...,n — 1} for the graph G(V, E). From the n coins
status - vertex v € V received from A, B tries to tell C which
square to choose by turn the status of one in n coins - move to a
vertex v/ € V that is adjacent to v. The color i of v/ tells C to
choose square i.
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5. The Find-the-square Game

We will now tackle Question 1 for some small n, which can now be
rephrased as: Each vertex v € V have a number r, indicates how
many different colors are used for the vertices adjacent to v. What
is the maximum of > .\, n?

We will model this to a LP as follows.

Each vertex v € V corresponds to a binary array of length n, which
can be considered as a binary number. Hence, we can enumerate v
by this number but in decimal system.

To find the vertices adjacent to v, we simply take the binary array
correspond to v, and for position i in this array, turn it from 0 to 1
or from 1 to O to obtain the binary array correspond to one of the
adjacent vertices to v.

Example: n=3

vertex 3 <> vertex [0,1,1] — {[0,1,0],[0,0,1],[1,1,1]} «» {2,1,7}
Therefore, we have created a mapping f that take v € V to f(v)
the set of adjacent vertices of v.
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5. The Find-the-square Game

Color of vertex i:

: . R T
Variables: p; — {1, if vertex i has color j i1 =0,2 1

0, if otherwise " j=0,n-1
n—1
Constrains: Zp,-j =1, i=0,2"n—-1
j=0

In the vertices adjacent to vertex i:

Variables: gj;: number of j colored vertices adjacent to vertex i

Constrains: q;; = Z Pk i=0,2"-1,j;=0,n—-1

kef (i)

1, ifqg;>1

O, if qij = 0’
rj—qij =0

(n—l) r,-j—q,-j20'

Objective: max >~ . rj

Variables: r,-j:{ i=0,2"—-1,j=0,n—-1

Constrains: { i=0,2"—-1,j=0,n-1
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5. The Find-the-square Game

The code for the mapping f:

ad]acentVertlcest(n, m):
binary = binarize(n, m)
result = []
for 1 in range(m):
if binary[i] =
result.append(n + 2¥*(m-1-1))

result.append{n - 2**{m-1-i})
return result

result.append(@)

result.append(l)
a=a - 2*¥*(m-1-1i)
~eturn result

eI for Gurobi:

model2 = gp.Model("test2™)

pvars = model2.addMVar(shape = (2**n, n), wvtype = GRB.BINARY)
gvars = model2.addMVar(shape = (2**n, n), vitype = GRB.INTEGER)
rvars = model2.addMvar(shape = (2**n, n), utype = GRB.BINARY)

model2.addConstrsfpvars[i, :].sum() == 1 for i in range{2**n)}]|
model2.addConstrs(quars[i, j] == 3un(pvars[k, j] fer k in adjacentVerticesOf (i, n))
for i in range(2**n) for j in 'ange(nj)
model2. addConstrs(ruars[l, jl - gqvars[i, j] <= @ for i in range(2**n)
j in range(n))
model2.add[onstrs((n 1)*rvars[1, j] - quars[i, j] >= @ for 1 in range(2**n)
for j in range(n})

model2.setObjective(rvars.sum(), sense = GRB.MAXIMIZE)
model2.Params.DisplayInterval = 3@
model2.optimize()
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5. The Find-the-square Game

Run the model for n =2,3,4,5,6,7,8, we obtain:

n opt.value best found | runtime probability
2 8 8 0.010 1.000
3 20 20 0.045 0.833
4 64 64 0.024 1.000
5 136 136 0.743 0.850
6 336 336 1142.927 | 0.875
7 unknown 808 37053 0.902
8 2048 2048 1.675 1.000

From pjj, we can find the optimal strategy. For n = 3:

DR RO O5

]
]
]
]
]
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]
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il-
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5. The Find-the-square Game

We continue with Question 2 for n = 3. For this, assume:
If A wins, A get 2% from the side of B and C.
If B and C wins, A pay 1% to the side of B and C.
We need to model the game to LP (3), (4). This is done as follows.

The choices A has are pairs (y, z), where y is the vertex A chooses
and z is the square A chooses.

The choices B and C have are ways of coloring the graph G(V/, E)
using n = 3 colors. Each way can be represented by an array of
length 2" = 8 with each element is in {0,1,...,n — 1} = {0,1,2}.
We need to calculate the rule-matrix M for this game. To do this,
we first consider:

def Lnarize(n, m, 1):
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5. The Find-the-square Game

With these support function, we can calculate the rule-matrix M:

3
np.zeros((n* (2**n), n**(2**n)), dtype = np.int64)
~ 1 in range(n * (2**n}):
for j in range(n**(2**n}}:
M[i, j] = checkihoWins(n, j, i - (2**n) * (i//(2**n)), 1//(2%*n))

Now we are ready to model the game to LP (3):

testModel = gp.Model()

x = testModel.addMvar(shape = (n**(2**n), 1), 1b = @, ub = 1, vitype = GRB.CONTINUOUS)
v = testModel.addVar(lb = -GRB.INFINITY, ub = GRB.INFINITY, wtype = GRB.CONTINUOUS)

testModel.addConstrs(-sum(M[i, j] * x[j, @] for j in range(n**(2**n))) + v <= @
for i in 'ange(n*(2**n)))
testModel.addConstr(x.sum() =

testModel.setObjective(v, sense = GRB.MAXIMIZE)

testModel.optimize()

Run this model, we obtain fair-o-meter: ¢ =0.5 .

Hence, we conclude that this game is more favorable for B and C.
Here, we can find the optimal strategy for B and C. The optimal
strategy for A can be found via LP (4). These strategy are:
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